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Deflections of Beams

Differential Equations of the Deflection Curve

The beams described in the problems for Section 9.2 have constant flexural
rigidity EI
Problem 9.2-1 The deflection curve for a simple beam AB (see figure) is
given by the following equation:

qox

= - 7L* — 10L%* + 3x*
"~ " 360Er" 0L+ 30

Describe the load acting on the beam.

o

Probs. 9.2-1 and 9.2-2

Solution 9.2-1 Simple beam

qoX

- 7Y — 10032 + 3x*
360LET" ¥t 3%

Take four consecutive derivatives and obtain:

" — _M
LEI
From Eq (9-]2C): q= —ER" = % -

The load is a downward triangular load of maximum
intensity ¢o. «—

707
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Problem 9.2-2 The deflection curve for a simple beam AB (see figure) is given by the following equation:

gL' . mx
— . sin—
7 El L
(a) Describe the load acting on the beam.
(b) Determine the reactions R, and Rp at the supports.
(c) Determine the maximum bending moment M.

Solution 9.2-2 Simple beam

6]0L4 o (b) ReacTiONS (EQ. 9-12b)
T SE L qol  mx
ar V:EV"’:?OST
, qoL3 mX
v = - cos— L
mEl L Atx=0:V=RA=q%
, _ QoL . mx L
v = n—
mEl L Atx =LV = —Ry= —q%;
qgoL  mx
n e - q L
VT aE L Rp=-—
T
nn qO . 7Tx
V" = ——sin—
ElI L (c) MaxiMuM BENDING MOMENT (EQ. 9-12a)
(2) Loap (Eq. 9-12¢) w = g = BL
.0 = Eh" = —— sin—
a) Loap (EQ c = 3
. TX
g = —Eh" = gysin— «— ) L
L For maximum moment, x = 5;
The load has the shape of a sine curve, acts downward,
and has maximum intensity go. — qoL?
Myax = > <«
T
Problem 9.2-3 The deflection curve for a cantilever beam AB (see figure) is y
given by the following equation:
2
X
= DT qor3 — 1012 + 502 — ) A
120LEI
Describe the load acting on the beam. ‘
L

Probs. 9.2-3 and 9.2.-4 ‘
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Solution 9.2-3 Cantilever beam

2
v= =% 013 — 1012 + 502 — )
120LEI

Take four consecutive derivatives and obtain:

%
mo— (L —
v A

From Eq. (9-12c¢):
" x
qg= —Eh" =¢qo| 1 — Z «—

The load is a downward triangular load of maximum
intensity go. «—

xZ
v= D% (451t — 4003 + 15122 — ¥
360L°El

(a) Describe the load acting on the beam.
(b) Determine the reactions R, and M, at the support.

Problem 9.2-4 The deflection curve for a cantilever beam AB (see figure) is given by the following equation:

Solution 9.2-4 Cantilever beam

qox*
v = ———@5L* — 40L% + 151%° — x%)
360L2El
= B (sph — 20032 + 10022 - )
60L2ET
V= _qig@]j‘ — 8L% + 6L%% — xY
1212E1
= o g3 -
312E1
" q0 2 2
V"= ——— (L7 — X))
L’El

(a) Loap (Eq. 9-12¢)

2
qg= —En" = qo(l - E) —

The load is a downward parabolic load of maximum
intensity go. —

90~

Arrimssmosmnsnssisonh

&

5 s
«4-—“--/(
P

(b) Reactions R4 aAND M, (Eq. 9-12b anD EqQ. 9-12a)
v=En" =~ 20 (o3 4 32 - )
3L

2qoL
Atx:O:V:RA:qT0

M =ED" = —— > (3L* — 8Lx + 6L7x* — x*)

2
L
Atx=0:M =M, = - 2=
4
Norte: Reaction R, is positive upward.
Reaction M, is positive clockwise (minus means M, is
counterclockwise).
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Deflection Formulas

Problems 9.3-1 through 9.3-7 require the calculation of deflections using
the formulas derived in Examples 9-1, 9-2, and 9-3. All beams have

constant flexural rigidity EI.

Problem 9.3-1 A wide-flange beam (W 12 X 35) supports a uniform

load on a simple span of length L = 14 ft (see figure).

Calculate the maximum deflection &,,,,, at the midpoint and the
angles of rotation 6 at the supports if ¢ = 1.8 k/ft and E = 30 X 10° psi.

Use the formulas of Example 9-1.

FERRRRNNnny!

L \

|
Probs. 9.3-1 through 9.3-3

Solution 9.3-1  Simple beam (uniform load)
W 12 X 35 L =14 ft =168 in.

g = 18K/t =1501b/in.  E =30 X 10° psi
[=1285in*

Maximum DEFLECTION (EQ. 9-18)

_ 5qL*  5(150 Ib/in.)(168 in.)*
U384 EL 384(30 X 109 psi)(285 in.t)
=0.182in. <

ANGLE OF ROTATION AT THE SUPPORTS
(Eqgs. 9-19 anD 9-20)

0=0,=0g= gL’
AT B T o4l
(150 1b/in.)(168 in.)?

24(30 X 10° psi)(285 in.*)
0.003466 rad = 0.199° <«

Problem 9.3-2 A uniformly loaded steel wide-flange beam with simple supports (see figure) has a downward deflection of
10 mm at the midpoint and angles of rotation equal to 0.01 radians at the ends.
Calculate the height 4 of the beam if the maximum bending stress is 90 MPa and the modulus of elasticity is 200 GPa.

(Hint: Use the formulas of Example 9-1.)

Solution 9.3-2 Simple beam (uniform load)
85=8px=10mm 6=0,=0z=0.01rad
0= 0mx =90MPa  E =200GPa
Calculate the height 4 of the beam.

5qL* 384EI6
Eq. (9-18):6 = 6pax = == — =
q. (9-18) max = e pr OF 4 o
Eq. (9-19): 6 — 6 gL’ 24EIf
.(9-19):0 = 0, = org =
. AT oap 1T B
1686
Equate (1) and (2) and solve for L: L = S0
Mc  Mh
Flexure formula: 0 = — = —
I 21

e))

(©))

3

Maximum bending moment:

2 2
M= % SLo= % @)
Solve Eq. (4) for h: h = 167[;7 5)
qL

Substitute for ¢ from (2) and for L from (3):

_ 3208

15E6*
Substitute numerical values:

32(90 MPa)(10 mm)

6 mm «—

15(200 GPa)(0.01 rad)>

e
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Problem 9.3-3 What is the span length L of a uniformly loaded simple beam of wide-flange cross section (see figure) if the
maximum bending stress is 12,000 psi, the maximum deflection is 0.1 in., the height of the beam is 12 in., and the modulus
of elasticity is 30 X 10° psi? (Use the formulas of Example 9-1.)

Solution 9.3-3 Simple beam (uniform load)

= = i = =0.11n. 161
O = Omax = 12,000 psi 0 = Omax = 0.1in Solve Eq. (2) for g: ¢ = 2(7 3)
h=12in.  E =30 X 10°psi L°h
Calculate the span length L. Equate (1) and (2) and solve for L:
5qL% 3R4EIS 12— 24 Ehé L= [24 Ehé
Eq. (9-18):6 = 6pux = 384E] org = o ) 50 50
Mc Mh Substitute numerical values:
Fl f latg=—=—
exure fomuias o = = = o L 24(30 X 100 psi)(12 in.)(0.1 in.) L,
L= - = 14,400 in.
Maximum bending moment: 5(12,000 psi)
gL? gL’h L=120in. = 10 ft «—
M=— SL.o=——— 2)
8 161
Problem 9.3-4 Calculate the maximum deflection 8, of a uniformly loaded ¢ =2.0kN/m
simple beam (see figure) if the span length L = 2.0 m, the intensity of the
uniform load ¢ = 2.0 kN/m, and the maximum bending stress o = 60 MPa. ’L l l l l l l l l l l l l l o

The cross section of the beam is square, and the material is aluminum
having modulus of elasticity £ = 70 GPa. (Use the formulas of Example 9-1.)

‘<7L=2.Om—%

Solution 9.3-4 Simple beam (uniform load)

L=20 = 2.0 kN/ 3qL?
mo4 m Solve for b% b = 21— @)
0= Oma = 60MPa  E =70 GPa 40
. . ) _ SLo(4Lo 173
CROSS SECTION (square; b = width) Substitute b into Eq. (2): dmax = 24E\ 3¢ -
4 3
I = b S = b (The term in parentheses is nondimensional.)
12 6 . .
. Substitute numerical values:
5qL
Maximum deflection (Eq. 9-18): 8 = q 1 5Loc  5(2.0 m)(60 MPa) 1 1
384 EI — = = m = —— mm
. 24E 24(70 GPa) 2800 2.8
S5qL
Substitute for I: § = —Z . ) (4 La>1/3 _ {4(2.0 m)(60 MPa)T/3 _ 1080)"
32 Eb . . 3q 3(2000 N/m)
L M L
Flexure formula with M = L: o=—= = 10(80)1/3
8 S 8S Smax = Tmm = 15.4 mm <«
. 3qL” '
Substitute for S: o = — 3)
4b
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Problem 9.3-56 A cantilever beam with a uniform load (see figure) has a

height & equal to 1/8 of the length L. The beam is a steel wideflange
section with E = 28 X 10° psi and an allowable bending stress of
17,500 psi in both tension and compression.

Calculate the ratio 8/L of the deflection at the free end to the length, ‘
assuming that the beam carries the maximum allowable load. (Use the

formulas of Example 9-2.)

T

Solution 9.3-5 Cantilever beam (uniform load)

h 1 6 . . Solve for g:

— == E = 28 X 10° psi o = 17,500 psi

Eoe Mo 3)

Calculate the ratio 8/L. 1 L’h

14 . : .
Maximum deflection (Eq. 9-26): 8,.x = a= (D) Substitute ¢ from (3) into (2):
8EI 5 oL
R e —
.8 ql’ L 2E<h>
LT == 2)
L 8EI . .
) Substitute numerical values:
L
Flexure formula with M = %z 8 17,500 psi _ -
L 2(28 X 10° psi 400
_ Mc (qu)( h) ql?h ( psi)

7T T\ 2 N\u) T w
Problem 9.3-6 A gold-alloy microbeam attached to a silicon q
wafer behaves like a cantilever beam subjected to a uniform load l t
(see figure). The beam has length L = 27.5 um and rectangular v Y — !
cross section of width b = 4.0 pwm and thickness ¢ = 0.88 pum. )
The total load on the beam is 17.2 wN. «—b—>

If the deflection at the end of the beam is 2.46 wm, what is L

the modulus of elasticity E, of the gold alloy? (Use the formulas
of Example 9-2.)

Solution 9.3-6  Gold-alloy microbeam
Cantilever beam with a uniform load.

L =275 pm b=4.0pm t =0.88 pm
gL = 17.2 pN Omax = 2.46 pm

Determine E.

Eq. (9-26): 8 = al' g - 4L
BE,] % 88y
I = @ — 36]7[44
12 & 268 ax

Substitute numerical values:

_ 3172 mN)(27.5 mm)?
" 2(4.0 mm)(0.88 mm)*(2.46 mm)

=80.02 X 10°N/m* or E,=80.0GPa <«
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midpoint to the maximum deflection for a simple beam supporting a concen-
trated load P (see figure).

From the formula, plot a graph of 6/6,,., versus the ratio a/L that A
defines the position of the load (0.5 < a/L < 1). What conclusion do you

Problem 9.3-7 Obtain a formula for the ratio /8, of the deflection at the lP

draw from the graph? (Use the formulas of Example 9-3.)
L
Solution 9.3-7 Simple beam (concentrated load)
2 _ a2 -
Eq. (9-35): 8¢ = Pb(3L" — 4b7) @=b) GRAPH OF 8,/8 ,,x VERSUS B = a/L
48EI Because a = b, the ratio 8 versus from 0.5 to 1.0.
Eq. (0-34): 0 = T0E " 2y
127" Oma 9V3LEI = 5.
5.,  (3V3L)3L* — 4b% b B S max
= a=
Smax 16(L* — bH)¥? 0.5 1.0
Replace the distance b by the distance a by substituting 0.6 0.996
L — afor b: 0.7 0.988
8. _ BVAL)—L* + 8aL — 4a”) 82 gggé
Bimax 16Q2aL — ) L0 0974
Divide numerator and denominator by L*:
2 1.0
a a
(3\/§L)<—1 + 8- — 4—)
b _ L 1o LA
S max 16L<2g B a2>3/2 B max 0.974
L 2
u 2 0.95 |
(3\/§L)<—1 + 8- — 4—2) 0.5 0.75 L0
C L L B =—q-
= «— L
B max 1 6(2% - az)m
L Norte: The deflection 8. at the midpoint of the beam is
almost as large as the maximum deflection 8,,,. The
ALTERNATIVE FORM OF THE RATIO greatest difference is only 2.6% and occurs when the
a load reaches the end of the beam (8 = 1).
Let B = Z

8 (BV3)(—1+8B —4p?H
Smax 16028 — B2
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Deflections by Integration of the Bending-Moment Equation

Problems 9.3-8 through 9.3-16 are to be solved by integrating the second-order
differential equation of the deflection curve (the bending-moment equation).

The origin of coordinates is at the left-hand end of each beam, and all beams ) P
have constant flexural rigidity EI.
Problem 9.3-8 Derive the equation of the deflection curve for a cantilever A B
beam AB supporting a load P at the free end (see figure). Also, determine
the deflection 65 and angle of rotation 65 at the free end. (Note: Use the ‘ L
second-order differential equation of the deflection curve.) !
Solution 9.3-8 Cantilever beam (concentrated load)
BENDING-MOMENT EQUATION (EQ. 9-12a) Px
vi=——"Q2L — x)
En' =M= —P(L — x) 2EI
P pL?
= — - op = —v(L) = —— «—
Elv PLy + ==+ Cy s = v =5y
oy — C PL?
B.c. ¥'(0) =0 LC=0 g = —v'(L) = — -
PL®  PY 2EI
Elv = - » T e T G (These results agree with Case 4, Table G-1.)
B.C.v(0)=0 LC=0
— _Pixz BL — x) «
YT ek *

Problem 9.3-9 Derive the equation of the deflection curve
for a simple beam AB loaded by a couple M, at the left-hand
support (see figure). Also, determine the maximum deflection
Omax- (Note: Use the second-order differential equation of the
deflection curve.)

¢ -

L |
Solution 9.3-9  Simple beam (couple M)
BENDING-MOMENT EQUATION (EQ. 9-12a) B.c. w(0) =0 G =0
X M()L
Eh" =M =My 1 -~ B.c. (L) =0 S.C = ———
L 3
2 M,
X 0X 72 2
v O(x 2L) < V= T oLEl *)
El —M(xsz)+c +C
VP2 T e T

e
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MAXIMUM DEFLECTION Substitute x; into the equation for v:

V= —ﬂ(ZLZ — 6Lx + 3x2) Smax = _(V)x:xl
6LEI M, 12
Set v' = 0 and solve for x: " 9\A3El
V3 (These results agree with Case 7, Table G-2.)
X1 = L(l - T) <«

Problem 9.3-10 A cantilever beam AB supporting a triangularly distributed

y
load of maximum intensity g, is shown in the figure.
Derive the equation of the deflection curve and then obtain formulas o
for the deflection 65 and angle of rotation 0y at the free end. (Note: Use the M
second-order differential equation of the deflection curve.) N | ' X
L |

Solution 9.3-10 Cantilever beam (triangular load)

BENDING-MOMENT EQUATION (EQ. 9-12a) 9 P

(1013 — 10L% + 5L — %) <«

" 120LEI
En' =M= -0 — 0
oL q0
g Vo= oL T 6+ AL — )
Elv' = 2> (L—x* + C
24L 4
3 5p= —v(l) = qoL
L B~ — =
BCV(0)=0 .0 = -2 30E1
24 W’
’ 0
L3x 03: _V(L):i
Elv = —1;%@ — X - %7 + G 24E1
(These results agree with Case 8, Table G-1.)
0)=0 C, = qOL4
B.C. ¥(0) = S G =

Problem 9.3-11 A cantilever beam AB is acted upon by a uniformly distributed y

moment (bending moment, not torque) of intensity m per unit distance along the

axis of the beam (see figure). AN
Derive the equation of the deflection curve and then obtain formulas for the 1—x

deflection 65 and angle of rotation 65 at the free end. (Note: Use the second-order A B

differential equation of the deflection curve.)

m
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Solution 9.3-11  Cantilever beam (distributed moment)

BENDING-MOMENT EQUATION (EQ. 9-12a) mx2
v=———>@GBL — x) «—
Ev' =M= —m(L — x) 6 EI
2 po X _
El' = _m<Lx_xz)+Cl v = —2E1(2L x)
3
BC.V(0)=0 ~.C =0 6= —wy ="
2 3 3EI
Elv——m(&—x)JrC mL?
- 2 ’
Op = — L) = —— <«
2 6 B v'(L) EI
B.c. v(0) =0 C=0
Problem 9.3-12 The beam shown in the figure has a guided support ‘ y
at A and a spring support at B. The guided support permits vertical My q
movement but no rotation.
Derive the equation of the deflection curve and determine v_Y Y
the deflection 8 at end B due to the uniform load of intensity g. A L BE
(Note: Use the second-order differential equation of the deflection k=48EI/L3
curve.)
$ RB = kBB
Solution 9.3-12
BENDING-MOMENT EQUATION gL ql* 11gL*
ql>  gx° R Y ST
Elv" = M(x) = 7 - 7
, ; V) = ———2at — 12222 + 1LY <
qLx qx 48E]
Elv' = - —+
2 24 gL*
P gx* et o8 =~V = epr
vV=—-—
2 24 TMTTR2

Note that Rg = kg = gL which agrees with EF vert = 0
B.c. V' (0) =0 C;=0
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Problem 9.3-13 Derive the equations of the deflection curve for a y
simple beam AB loaded by a couple M, acting at distance a from the
left-hand support (see figure). Also, determine the deflection J at My
the point where the load is applied. (Note: Use the second-order A N\ B
differential equation of the deflection curve.) L ' ./' j; X
a i b
L
Solution 9.3-13  Simple beam (couple M)
BENDING-MOMENT EQUATION (EQ. 9-12a) B.C. 4 (Mier = Miigne atr=a
" o_ _ MOX 2
Eh'=M=— (0=x=aq) ) Mya
L . C4 = -
5 2
M()X
"= + =x= M
Evi==— +6 O0=x=a C, = 2012 - 6aL + 3d2)
6L
ER" =M MO(L ) @a=x=1L) M,
= = — — _— = = X
Y Lo =S = — 0 (6aL — 3a* - 2% — D)
) 6 LEI
M
EIv’=—TO<Lx—%)+C2 (@a=x=1L) O=x=a —
, , y= — Mo Ba*L — 3a*x — 2% + 3L% — )
B.C. I (W )Lert = (W )Rigne  atx =a 6 LEI
S.G =0t Mya @=x=1L) —
My - -
Elv = i + C])C + C3 0=x<a) 80 = ) = MOG(L a)(2a L)
6L 3LEI
B.C.2v(0)=0 L C3=0 _ Moab(2a — L)
Mg Mgy - 3LEI
Elhv = — Ox+£+C]x+M0ax+C4 . . .
2 6L NoOTE: 8 is positive downward. The preceding results
(@a=x=1) agree with Case 9, Table G-2.
L
B.C.3 (L) =0 SoCy = 7M0L<a - g) — C\L
Problem 9.3-14 Derive the equations of the deflection curve for a y
cantilever beam AB carrying a uniform load of intensity g over part of the q
span (see figure). Also, determine the deflection 6 at the end of the beam. ‘
(Note: Use the second-order differential equation of the deflection curve.) l l l l l —
X
A B
a ‘ b
L
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Solution 9.3-14 Cantilever beam (partial uniform load)
BENDING-MOMENT EQUATION (EQ. 9-12a) B.C.3 1(0) =0 S C3=0

V. P N P 2 2
Elv M Z(Cl x) 2(0 2ax + .x) Elv = sz + C4 — _qT + C4 ((l =x= L)

O=x=a qd
s B.C. 4 (V)Lert = (WRigne At X = a oGy = YR

' a( » 2 X

E1v=—§<ax—ax +§>+C1 O=x=a qx2
v=—24EI(6a2—4ax+x2) O=x=a «—

B.c.17'(0)=0 LCi =0 5

n a
Eh' =M=0 (anSL) V:—2q4EI(4x—a) (anSL) <«—
Eh' = C, (a=x=1L) 2

, , g’ by = —v(l) = (4L —a) —
B.C. 2 (V)Left = (V)Right 8t X = a LG = e 24E1
(These results agree with Case 2, Table G-1.)

EI q(a2x2 a | x4> +C O=x=a)

==+ = =x=a

YTl 3 T2 3
Problem 9.3-15 Derive the equations of the deflection curve for a cantilever y

beam AB supporting a distributed load of peak intensity g, acting over one-half
of the length (see figure). Also, obtain formulas for the deflections 85 and & at
points B and C, respectively. (Note: Use the second-order differential equation of

the deflection curve.)

MA q0

|

N

( A L2 C L2

B

X

Solution 9.3-15
BENDING-MOMENT EQUATION

For) = x =

2
ER" = M(x) = qofx - q‘é—Lz
Elv' = qogxz - qoézx +C
Elv = q02L4x3 - qOIL;x2 +Cx + G
BC.(0)=0 €, =0

B.C. v(0) =0 G, =0

6
Y\2/) 7 " 96EI

qoL

_ 3 2
= — 2L «—
YO =g )
(L) qoL*
Se=—v[ ) =2
2 64E1
L
For-—=x=1L
2
2
goLx  qoL 90
ED' = M(x) = —— — = — 2 -
v x) 4 5 L( X)

2qy

LN? 1
(2t
ool )3

2/ 3
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) _T4q0, .o 3 L 5qoL? 5
EIV' = M() = — P(-3L% + L e V'(g) - L
+ 3Lx% — x3) A
3 (L) wL' =l
- BC.v|—|=— —
En =—2 (— 1222 + [ "\2 64El  * T 32070
3L\ 2
— 40
4 = ———(—160L*x> + 160L%x*
L %) f e "0 = 9eoLer ! *
+ 80Lx* — 16x° — 25L%«x
Elv = —@(_—lﬁx3 +lpe s dpe 5
3L\ 2 2 4 +30) <
7qoL*
1 = - =
- *x5> + Cix + Cy o8 =~V = TeoEs
20
Problem 9.3-16 Derive the equations of the deflection curve for a simple beam y
AB with a distributed load of peak intensity g acting over the left-hand half of the
span (see figure). Also, determine the deflection 6. at the midpoint of the beam. q0
(Note: Use the second-order differential equation of the deflection curve.) M
A 15

L2 C L2

A
R RB{

Solution 9.3-16
BENDING-MOMENT EQUATION

Elv' = -2 (5120 12.21 + 85
241

5L2 2
Eh' = q—°< 48+ 2x4>
2L\ 2
e

6]

5L23 25
Elv qo( ol —x4L+?x

BTANE
+Cix+ Cy
BCc.v0)=0 C,=0
2.3 5
Elv :ﬂ<5[,7x —x4L+2i)
24L 6 5
+C1x (2)
L
For—=x=1L
2
EV' = MO S5goLx 1 L( L)
= M(x) = B
v 1 29 6
Lqo
EWV' = —2(-x+L
vis, et D
qu<—x2 >
En' =—2(—+1Lx)+C 3
VT a2 * 3 3)
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Lgof —x° Lx* 1 4
=2 = 4+ = Cy=——
Elv 24( 6 o )T CTCy @ 47 19207
4 L
B wl)=0 0= %+C3L+C4 5) For0=x=-
qoX 272 3
——(200x°L" — 240x°L
B.C. v'L<£) = v'R(é) Y = S0z 200 x
2 2 +96x* — S3LY) <
1 1 3
il L
96610L Ci =g ol + G (6) For =x=L
(3)-+(3) z
B.C. v\ = | = Vgl = B 0 3 2
40x” — 120L
2 2 0 = S60E1" *
13 1 1
———qoL* + SCIL = ——q,L* + SCsl +83L%x — 3L%) <«
5760 1152 4
SRR
+Cy ™ €~ ""N\2) 7 1280E1
From (5)-(7)
o= = 53 4 Co= = 83 3
1™ 5760 70 37 57607
Problem 9.3-17 The beam shown in the figure has a guided
support at A and a roller support at B. The guided support permits 9= f
vertical movement but no rotation. Derive the equation of the £
deflection curve and determine the deflection 6, at end A and also H 3
d¢ at point C due to the uniform load of intensity ¢ = P/L applied A C
over segment CB and load P at x = L/3. (Note: Use the second-
order differential equation of the deflection curve.)
L L
2 2

Solution 9.3-17

BENDING-MOMENT EQUATION

F0r0<x<£ EIV”:M(X)ngL
3 24
EI ’—QPL +C
Vgt
19 2
Elv=—PLx" + Cix + C,
48
19
B.c.v'(0) =0 c,=0 EIv' = —PLx
24
L L 19 L
For—=x <= — Elv" = M(x) = —PL — P{x — =
3 2 24 3

EI 19PL2+C
V= X
48 2

e
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Elv' = M) = 2pL — px + LE
Y YT T3
g = 0 pre P P ¢
4 T 3 3
o= Oppa PP PLE o L
V== X~ — — - X
48 6 6 S
Forf =y =1 Elv' = Mo = 2 pp — px+ OE P< L>21
or—-=x= = =_— - — —Ax—-=Z) =
2 =7 Y Y T T\ 2)2
, 19 PL Px* Px PL
Eh'=Mx)y=—PL—-—Px+———+———
24 3 2L 2 8
Px* PLx Px* Px* PLx
EIV' = —PLx — — + - -4
24 2 3 6L 4 8
JE L Px’ N PLx*> Px*  PxX® PLX? CCxdC
=—PLx* — — -+t — - — X
Vs 6 6 24L 12 16 . 6
D=0 0 19, 2 pL®  pLL* pL* N P> PLL? e+
B.C. = = — - - - —
v 48 6 6 24L 12 16 : 6

senl2)=n(2)

B.C. vi(a) = vg(a) Cs

From (1)-(5)

G=—2Dp3 ¢
27 10368 3
L
For0 =x = 5 (x)
For L =x= L (x)
—=X=_ X
3 2
L
For 5 =x=1L v(x)
5 0 3565PL3
= _ 'l) _——_—
A 10368E1

C
2 3 3
L\? L\?
pl= PLI =
N <3>+C(L>+c
2 = 6 6 33 4

_l —
=—PL* C=——P C5=—

PL
=————(—4104x* + L?
103687 04T+ 3565LH

1152E1

144EIL

5. _ (5) _ 3109PL°
€™ ""N\3) 7 10368E1

(—648Lx% + 192x° + 641%x + 389L%)

(= 72152 + 12X°L + 6x* + 5L3x + 491%)

721

6]

2

3)

“)

(&)

e
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Deflections by Integration of the Shear Force and Load Equations

The beams described in the problems for Section 9.4 have constant flexural y
rigidity EI. Also, the origin of coordinates is at the left-hand end of each beam. M,
Problem 9.4-1 Derive the equation of the deflection curve for a cantilever A

Also, determine the deflection 65 and slope 0 at the free end. Use the
third-order differential equation of the deflection curve (the shear-force

B
beam AB when a couple M, acts counterclockwise at the free end (see figure). | 9» X
\

equation). \ L
Solution 9.4-1 Cantilever beam (couple M)
SHEAR-FORCE EQUATION (EQ. 9-12b). B.C. 3 1(0) = 0 S Ci=0
EnN" =V=20 My
EN' = C, VT
BC.1M=M, EN =M=M,=C, | Myx
ENV = Cix + Cy = Myx + G, YT E
, . 2
B.C.2 v (0)2: 0 S.C=0 65 = v(L) = 1\/;(;51; (upward) -
Elv = + Cs ML .
0 =v'(L) = 7l (counterclockwise) «—

(These results agree with Case 6, Table G-1.)

Problem 9.4-2 A simple beam AB is subjected to a distributed load of L
intensity g = qo sin mx/L, where g is the maximum intensity of the load =% 7
(see figure). y

Derive the equation of the deflection curve, and then determine the
deflection 8, at the midpoint of the beam. Use the fourth-order B
differential equation of the deflection curve (the load equation). AL |

Solution 9.4-2 Simple beam (sine load)

Loab equaTioN (EQ. 9-12¢). B.C. 1 E' =M En"(0) =0 .G =0
El™ = —g = —qosinﬂ B.C.2 EW'(L) =0 .G =0
- v = —go £ Yeos ™ 4 ¢
El L mX L C v o T cos L 3
= — ] cos —
v qo\ L 1

L\, mx
Elv = —qo ; SIHT+C3X+C4

~

" 2 . TX
Eh" = gy - smf +Cx + G

e
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BC3W0) =0 .Cyi=0
B.c.4v(L)=0 L C3 =
qoL" . mx
= ——sin— —
T El L

L
1) = —v|l =
max v(z)

(These results agree with Case 13, Table G-2.)

723

Problem 9.4-3 The simple beam AB shown in the figure has
moments 2M, and M, acting at the ends.

Derive the equation of the deflection curve, and then determine
the maximum deflection 8,,,4. Use the third-order differential
equation of the deflection curve (the shear-force equation).

2M,,

ZeNM
—
|

X

Solution 9.4-3 Simple beam with two couples

. 3My
Reaction at support A: Ry = 7 (downward)
. 3My
Shear force in beam: V= — R, = 7

SHEAR-FORCE EQUATION (EQ. 9-12b)

3M,
En" =V=—-—""
L
Mox
Eh" = — + C]
B.C. 1l EIV' =M Elv" (0) = 2M0 C] = 2M0
e =~ M oy +C
v = oL oX 2
M 3
0X 2
Elv = — + Myx~ + Cyx + C3
B.C.21(0) =0 S.C3=0
ML
B.C.3 w(L) = 0 LGy = —

Myx

v= (12 - 2Ly + D)
2LEI
Myx

i (N LR

2LEI
My

v = (L — x)(L — 3x)

2LEI

MAXIMUM DEFLECTION

Set v’ = 0 and solve for x:
L
X1 = L and Xy) = ——
3
. . L
Maximum deflection occurs at x, = 3

=0

_ 2My L
~ 27EI

8max = (downward) <«
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Problem 9.4-4 A beam with a uniform load has a guided support at one
end and spring support at the other. The spring has stiffness k = 48EI/L>. My
Derive the equation of the deflection curve by starting with the third-order

differential equation (the shear-force equation). Also, determine the angle of

9/27/08 1:31 PM Page 724
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rotation 0 at support B.

—p—

)7

—X

Ch=s

B

k=48EI/L3

1 RszSB

Solution 9.4-4
SHEAR-FORCE EQUATION B.C. v'(0) =0 C,=0
Eh" =V = —gx gL gLt
5 B.C. V(L) =—= —
qx k 48E1
ENV' = ——— + C .
2 _ 1lgL
. qL? s
B.c. v'(L)y = M(L) =0 C =5
R V) = — - 12212+ 1114 —
qL”  gx 48EI
EIv' = — — — 3
22 0 (0 =—25 (Counterclockwise)
=— =—— ounterclockwise «—
Ely gL’x  qx’ + B Y 3EI . W
VT2 e T2
2.2 4
qL x qx
Elv = -+ Cx+C
YTy 24 T
Problem 9.4-5 The distributed load acting on a cantilever beam AB has an y
intensity ¢ given by the expression g cos mx/2L, where ¢ is the maximum
intensity of the load (see figure). % q = qo cos 727—72
Derive the equation of the deflection curve, and then determine the
deflection & at the free end. Use the fourth-order differential equation of the
deflection curve (the load equation).
. — X
A B
L !
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Solution 9.4-5 Cantilever beam (cosine load)
Loab equaTioN (EQ. 9-12¢) B.C.3V(0)=0 L C=0
X 4 3 2.2
E]vm/ = —g= —qpcos — Elv = — (2714) E + qOLx . CIOLX C
2L 4 90 - cos 2L 3 4
2L X 4
mo_ _ el IS 16
Eb™ = ‘10< - ) sin -+ € BC.A4W0)=0  ..Cp= Z‘f
2
be LED" =V ER"(@)=0 . C =22k _ ol
v V= 4
) 37El
y 2L mx  2qoLx
Eb" = ‘10<?> cos ot — — TG (48L3cos% — 4813 + 37°La® — 773x3) —
2g0L> 4
B.C.2ElV' =M EIV”(L) =0 C2 = - q;)_L SB — _V(L) — 2q0L (77.3 _ 24) «—
. , , 3m*El
ER' = q0<2L> sin =X 4 golx” _ 2qoL°x + G (These results agree with Case 10, Table G-1.)
T 2L ™ T
Problem 9.4-6 A cantilever beam AB is subjected to a parabolically y
varying load of intensity ¢ = go(L* — x*)/L?, where ¢, is the maximum s s
intensity of the load (see figure). q=q L —2x
Derive the equation of the deflection curve, and then determine the q0 L
deflection 6 and angle of rotation 05 at the free end. Use the fourth-order
differential equation of the deflection curve (the load equation).
A X
A B
L \
Solution 9.4-6 Cantilever beam (parabolic load)
Loap EQuATION (EQ. 9-12¢) 6]0L2
q B.C.2EIW" =M ER"(L)=0 ..Cy= 4
nn 0
ED" = —g= —3(* - ) i s ) 5
L ER fIO(Lx x)+LZoLX 40Lx+c
vV =—-—=——- = —
af , x 2\ 6 60 3 4 3
Eh" = ——|\Lx—— |+ C;
L 3
20l B.Cc.37v'(0)=0 C;=0
B.C. 1l E" =V En"(L) =0 .G = qT q0<L2x4 x® > golx®  qol*x?
Ev=——{ = - — ]+ —~ +C
1n 4 YT\ 24 T 360 9 8 4
Eh" = f@(L—x - x—) T (NS
Y 2\ 2 12 30072
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BCAW0)=0 . Cyi=0 vo= " (15L4 — 203 + 10022 — i)
2 60L
v=— % 4sitoa0r3x + 1522 —xY) < qol?
360 L°EI 0p v'(L) =
190 15E1
40
) —v(L
8= V0 = S0 B
Problem 9.4-7 A beam on simple supports is subjected to a parabolically 4qox I
distributed load of intensity ¢ = 4gox(L — x)/L?, where qo is the max- q9="r12" ( x)
imum intensity of the load (see figure). y
Derive the equation of the deflection curve, and then determine the
maximum deflection §,,,,,. Use the fourthorder differential equation of the B
deflection curve (the load equation). A —= X
L |
Solution 9.4-7 Simple beam (parabolic load)
Loap equaTioN (EQ. 9-12¢) o 73
y Agox 4qo ) B.C. 3 (Symmetry) v < ) .Gy = — 20
Ebh" = —qg= — (L—)=—?(Lx— ) 5 6
Elv = —ﬂz(ﬁx + LS %) +C,
£ =~ 2(3Lx2 2% + ¢ 30L
g B.Cc.4 v(0)=0 SLCy=0
no_ 0 3 4
Eh" = ———Q2Lx — x") + Cix + C, X
12 = N G5 s B - )
BC.1EW' =M  ER'(0)=0 ..Cy=0 QOL°ET A
B.C.2 EIV'(L) = 0 = % max = T\ 5 ) T 5760 EI
El' = ———(=5L% + 5Lx* — 22°) + G4
Problem 9.4-8 Derive the equation of the deflection curve for beam y
AB, with guided support at A and roller at B, carrying a triangularly My ‘ %
distributed load of maximum intensity g, (see figure). Also, determine
the maximum deflection 8,,,, of the beam. Use the fourth-order differ- l
ential equation of the deflection curve (the load equation). A 17 BJ; .
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Solution 9.4-8
LoAD EQUATION o X L%x
. Elv' = —q°6 + ZO4L q°3 + G
ED™ = —q= _q°+qL 4 5 2.2
L Epy = 0% 40X qoL"x
qox" 24 T 120L 6
EIv" = —qox + + C
2L + C3x + C4
B.c. v"'(0) = V(0) =0 Cc; =0
o B.c. ¥ (0) =0 C3;=0 A
mo_ 2 L
Elv dox + Bevl)=0 C,= — 6‘;"5
gy — 905 L B0% 4o 44 S
- 6L 2 = —5x"L +
2 6L YO = op VLT
qoL* 3.2 5
B.Cc. v"(L) = M(L) = 0 C, = = + 20L°x" — 16L°) «—
Ely" — qox2 qox3 qOL2 MAXIMUM DEFLECTION
v 2 6L 3 Danld
Omax = —v(0) = 1
15EI
Problem 9.4-9 Derive the equations of the deflection curve for beam y
ABC, with guided support at A and roller support at B, supporting a M, g
uniform load of intensity ¢ acting on the over-hang portion of the
beam (see figure). Also, determine deflection 8 and angle of rotation I I I I I I
0c. Use the fourth-order differential equation of the deflection curve A L B 172 C *
(the load equation). é
o
Solution 9.4-9
LOAD EQUATION B.C. V'(0) =0 Ci=0
Eh" = —g=0 0=x=1) - gL
Elv" = Cl (0 =x= L) Elv= — 16 + C4
Elv”=C1x+C2 (OSxSL) qL4
BC. V" (0)=V0)=0 C, =0 R T
" qu qu ? 2 2
B.c. v"(0) = M(0) = —7 Cy, = _? v(x) = —@(x —L) O=x=1)
o al’
E" = e LoAD EQUATION
3L
, L’x EIV" = —q (L =x= —)
Elv = — + C3 2
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3L —gx>  3qLx*  9qL’x
Elv" = —gx+Cs |L=x=— Elv' = + —
" ( 2) VTS 4 8
.~ X2 3L 5 3
EIv" = +Cx+C |L=x=— + —¢qL
2 12
3L 3L 3gL —gx*  3qLx*  9qL*¥
m| = — V - — C — EI — + —
Be ( 2 ) ( 2 ) ST VST 12 16
3L 3L 9gL* 5 5
(2Z) = p( =) = = + —qL’x + C
Bcv<2) M<2) 78 PRIt
2 2
—qx 3gLx 9qL -1 4
Elv' = — .c.v(L)=0 Cg =—qL
v ) ) 3 B.C. Y(L) 8 16 q
3 2 2 -
. Tqx 3gLx 9gL°x ___4 —o0xL3 + 27122
Elv' = 6 + 4 - 3 + C7 v(x) 48E1( X X
B.C. V' (L) = v'g(L) — 1213 + 244 + 3L4) (L =x= 3714)
2
qL3 _ —qL3 3qL3 9qL3 + e
8 6 4 8 ! (3L> 9qL*
8C = —ypyl— | = «—
5 . 2 128E1
C; = —qL
et 9——'(%)—7%3 (Clockwise)
c=~v\5 )= e ockwise
Problem 9.4-10 Derive the equations of the deflection curve for beam AB, y
with guided support at A and roller support at B, supporting a distributed load My 90

of maximum intensity g, acting on the right-hand half of the beam (see
figure). Also, determine deflection 84, angle of rotation 6, and deflection 6~
at the midpoint. Use the fourth-order differential equation of the deflection

curve (the load equation).

Ty

.|

b

C L2 Bé E

1o

Solution 9.4-10

LOAD EQUATION

o

IA

=

IA
0|~
~—

ElW" = —qg=0 <

L
EIv' = Cix + C, (0 SXSE>

B.C. ") =V(O0)=0 C, =0

_ qol?

L2
q0 C,
12

12

12 L
Env =10~ (OSXS>
12 2

I <0< <£)
12 3 =r=5

B.C. v"(0) = M(0) =

Env =%
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BC. V(0)=0 C3=0 Ely— _ qox* N QX | qolx  ql*x’
_— QOL2X2 ‘e == é 12 60L 8 24
" ¢ — T S‘IOL3"_£ L
192 960 %
LOAD EQUATION L
(beret) -
nm 2q0 L L 2
Elv" =—qgyg+ —|x — < —=x=1L
L 2) \2 I3 I3
2q x B.C. v, 5 = VR 5
EIv" = —2qg + 0
. 2(3) (3) «(3)
qOX2 L 40 B 40 2 40 2
EIv" = —2qpx + —+Cs |- =x=1L ——— + Cy= — +
L 2 24 12 60L
N = g0 + B8 4 Cox it c L<L>3 L2<L>2
v = —qox AL 5X 6 oL\ 5 L7\ 5
+ p—
<L ) 8 24
—=x=191L
2 L
5q0L37
w( LY _ (L) _ _ 3L n z_ﬂq 4
B.C. Vv 5 =YV E =0 5= 4 192 960 0
L L qoL? qolL? C —19 14
C. nl Z) — M=) = Cq = —r 4 q0
B.C. V (2) (2> 12 6 12 480
3 2 %52 19 L
. 5 qoX 3goLx  qoL Ely = 90 _ s (0 - = 7)
EI" = —qox* + = PR 24 4800 *T2
3 4 2 I?
Ery = 0% q0x"  3q0Lx V() = — 2 (_20x2 + 1912)
3 12L 8 480E1
2
qoL"x
— 12 + C7 (O =x= L) <«
L L 5
v S)=vil o) G =gl R AL — 16x5— 12012
B.C. v L<2> v R(z) 7 192 40 v(x) 960LE] (80x"L 16x°—120L
ppy = 90 d0x' a0l B+ 40L3x2 — 25L4x +41L°
3 12L 8 L
qoLZ_X . 5q0L3 (5 =Xx= L) <«
12 192 1
8a= —v(0) = Lt <
_ qox* | @ | gLy’ A= V0 = om0
Elv = —
12 60L 8 13 .
= —v'(L)= — L <
@l Sql'r c 3=~V = "m0
24 192 s L - \
o L) - st
—a1 2] 240EI
cvl)=0 Cyg=——qol*
B.C. ¥(L) 8= 960 90
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Method of Superposition

The problems for Section 9.5 are to be solved by the method of
superposition. All beams have constant flexural rigidity EI.

Problem 9.5-1 A cantilever beam AB carries three equally spaced
concentrated loads, as shown in the figure. Obtain formulas for the
angle of rotation 6z and deflection &5 at the free end of the beam.

Solution 9.5-1 Cantilever beam with 3 loads
Table G-1, Cases 4 and 5

L\? 2L\?
pl= pl = ) )
3 3 PI?  7PL
+ + =

_ PL? _ B 6El 3 GEI
P 2E 2EI  2EI  9EI pI3 5pL3
3EI 9EI
Problem 9.5-2 A simple beam AB supports five equally spaced P P P P P
loads P (see figure). l l l l l
(a) Determine the deflection 8, at the midpoint of the beam. AL 1B

(b) If the same total load (5P) is distributed as a uniform load
on the beam, what is the deflection 6, at the midpoint?
(c) Calculate the ratio of 8, to 5.

JL L L L L
6 6 6 6 6
Solution 9.5-2 Simple beam with 5 loads
(a) Table G-2, Cases 4 and 6 (b) Table G-2, Case 1 gL = 5P
p(£> . _ 5gLl* 25PL3
8 = 0 [3L2 - 4<L) } 27 384EI  384EI
24 £ 6 o 11 (384 88
L © = = 7(7) =2 <
P<f> 67 144\ 25 75
(Y] 22
24E1 3 48EI
_11PL?
144E1
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Problem 9.5-3 The cantilever beam AB shown in the figure has an extension i L
BCD attached to its free end. A force P acts at the end of the extension. A
(a) Find the ratio a/L so that the vertical deflection of point B will be zero.
(b) Find the ratio a/L so that the angle of rotation at point B will be zero. D
(1 —>]
P
Solution 9.5-3 Cantilever beam with extension
P Table G-1, Cases 4 and 6
{ 3 2
1A BY s PL”  PaL _ a _ 2 -
e 3|>pa @ 85 = - L7
L a a
b)g=—"-——=0 — == —
| | ® 0 =25~ E L 2

Problem 9.5-4 Beam ACB hangs from two springs, as shown
in the figure. The springs have stiffnesses k; and k, and the beam
has flexural rigidity EI.

(a) What is the downward displacement of point C, which is
at the midpoint of the beam, when the moment M, is
applied? Data for the structure are as follows:

Mo = 10.0kN'm, L = 1.8 m, EI = 216 kN-m?,
ki = 250 kN/m, and k, = 160 kN/m.

(b) Repeat (a) but remove M, and apply uniform load
q = 3.5 kN/m to the entire beam.

—kz 53

$RA—kl 0A
kl%

[
A C

{r
12

L2

)5

Nl

q = 3.5 kN/m (for Part (b) only)

RN

Solution 9.5-4
My=100kN-m L=18m EI[=216kN-m?
ky =250kN/m  k, = 160 kN/m
g = 3.5kN/m
M,
0 0
Ry=— Rp= ——
(@) Ry 3 B I3
R R
Sp=-2 Sp=-2
ki ko

04 = 2222 mm Downward

6p = —34.72 mm Upward

Table G-2, Case 8
6c=0 + (SA + 6p)

0c = —625mm Upward «—
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L —
(b) RA — % RB — RA 33 = 19.69 mm
Table G-2, Case 1
RA RB 4
5, =—2 §,=— 5qL 1
A7k, Bk, 6C:384EI+5(6A+3B)
84 = 12.60 mm 8¢ = 1836 mm Downward —
Problem 9.5-5 What must be the equation y = f(x) of the axis of the P
slightly curved beam AB (see figure) before the load is applied in order that
the load P, moving along the bar, always stays at the same level? A B
X

—
|

o~

Solution 9.5-5 Slightly curved beam

Let x = distance to load P Initial upward displacement of the beam must equal §.

6 = downward deflection at load P ) PXA(L — x)?
Table G-2, Case 5: 3LEI
P(L — x)x _, ) 5 sz(L — x)2
§=— 2= (L—x} =
S 3LEI
Problem 9.5-6 Determine the angle of rotation 6 and g

deflection Op at the free end of a cantilever beam AB having a
uniform load of intensity g acting over the middle third of its
length (see figure).

Solution 9.5-6 Cantilever beam (partial uniform load)

q = intensity of uniform load Load No. 1:

Original load on the beam:
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Load No. 2: Table G-1, Case 2
e q (2L)3 q ( L>3 TqL?
H 03 = —| — _ — = <«
! : B 6EI\ 3 6EI\ 3 162E1
| ST R 3 3
q (2L 2L q (L L
op = —— AL — — | ———\ =) |\ 4L — <
\«_ L 2L 24EI\ 3 3 24EI\3 3
3 3 | 23q1*
= «—
SUPERPOSITION: 648E1
Original load = Load No. 1 minus Load No. 2
Problem 9.5-7 The cantilever beam ACB shown in the figure has 35 k-in. 25k
flexural rigidity EI = 2.1 X 10° k-in.” Calculate the downward deflec- Y\ v
tions O¢ and 6 at points C and B, respectively, due to the simultaneous 0
action of the moment of 35 k-in. applied at point C and the concen- A c B
trated load of 2.5 k applied at the free end B.
48 in. i 48 in.
Solution 9.5-7 Cantilever beam (two loads)
My(L/2) ( L) PL?
g= —————|2L — < —
2EI 2 3EI
3ML>  PL? ,
= — SEl + 3E (+ = downward deflection)

SUBSTITUTE NUMERICAL VALUES:

EI=2.1 X 10° k-in.? 8¢ = —0.01920 in. + 0.10971 in.
My = 35 k-in. = 0.0905 in. —
P=25k 8z = —0.05760 in. + 0.35109 in.
L =96in. = 0.293 in. —

Table G-1, Cases 4, 6, and 7
M(LR2?  P(L2)? L
MyL? | PaRy( )

CT T om 6El \"" 2
MoL*  5PL? ,
= - + (+ = downward deflection)
8EI 48EI
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Problem 9.5-8 A beam ABCD consisting of a simple span BD and an
overhang AB is loaded by a force P acting at the end of the bracket CEF
(see figure).

H%u

(a) Determine the deflection 8, at the end of the overhang.
(b) Under what conditions is this deflection upward? Under what
conditions is it downward?

F E
Py
«——>
Solution 9.5-8 Beam with bracket and overhang
Consider part BD of the beam. (a) DEFLECTION AT THE END OF THE OVERHANG
P L PL?
| 64=20 (*) = 10L — 9 «—
My ] A= 0\5 ) = 0l @)
[ e (+ = upward deflection)
L, |c 10
e a
L3 —-31—‘ i I (b) Deflection is upward when I < Ky and downward
| | | when LS 10 «—
L 9
MO = Pa
Table G-2, Cases 5 and 9
_ P(L/3)(2L/3)(5L/3)
B 6LEI
P L? L?
ramo5) ~3(5) -]
6LEI 3 9
—i(10L—9)(+—1k' le)
= 162El a = clockwise angle
Problem 9.5-9 A horizontal load P acts at end C of the bracket P
ABC shown in the figure. ¢ >
(a) Determine the deflection 6 of point C. H
(b) Determine the maximum upward deflection &,,,,x of member AB. B
A

Note: Assume that the flexural rigidity EI is constant throughout the
frame. Also, disregard the effects of axial deformations and consider

only the effects of bending due to the load P.
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Solution 9.5-9 Bracket ABC
BeEam AB
M, = PH

Myl _ PHL
3EI  3EI

Table G-2, Case 7: g =

SECTION 9.5 Method of Superposition 735

(a) ARm BC Table G-1, Case 4

3EI 3EI 3EI
= LPIZ(L + H) <«
3EI
(b) MAXIMUM DEFLECTION OF BEAM AB
Table G-2,
Mol*>  PHIL?

C 7: 6 = =
BT Omax = 9 AR T OV3EL

Problem 9.5-10 A beam ABC having flexural rigidity
EI = 75 kN-m? is loaded by a force P = 800 N at end
C and tied down at end A by a wire having axial rigidity
EA = 900 kN (see figure).
What is the deflection at point C when the load P is applied?

A B C

YP=800N

0.5m

e 05m— 0.75 m—]

Solution 9.5-10 Beam tied down by a wire

P
4 —
H L L,
—2
EI=75kN-m*
P =800N
EA =900 kN
H=05m L, =05m
L, =0.75m

CONSIDER BC AS A CANTILEVER BEAM

., PL3
Table G-1, Case 4: 6 = 35

CONSIDER AB AS A SIMPLE BEAM

M, = PL,

MyL, PLL,
3EI  3EI

Table G-2, Case 7: 0p =

CONSIDER THE STRETCHING OF WIRE AD
, H PL,\( H\ PLH

6y = (ForceinAD)| — | =|— || — | =
EA L, J\EA)  EAL,

DEFLECTION 8¢ OF POINT C

S Ly
662504‘63([42)4‘53 e
L

_PL3 PLL5 PLH
3EI 3EI EAL?

SUBSTITUTE NUMERICAL VALUES:

o0c = 1.50 mm + 1.00 mm + 1.00 mm = 3.50 mm —
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Problem 9.5-11 Determine the angle of rotation 65 and deflection & at the 90
free end of a cantilever beam AB supporting a parabolic load defined by the Y
equation g = q(}xz/L2 (see figure). /m
A B
—X
)
Solution 9.5-11 Cantilever beam (parabolic load)
2 L 3
Loap: g = % qdx = element of load __ Py = oL~ -
L 2EIL? 10E1
qdx
| = [,
A _ ‘ B B — 0 ( x)
F= 1)
= — (x YEL — x)dx
L | GEI J,
TasLe G-1, CASE S (Set a equal to x) = L - e = D0
i 6EIL2 PIEETO T R0E!
(qu)(x ) 1 (qu ) >
— x“dx
©2EI
Problem 9.5-12 A simple beam AB supports a uniform load of intensity ¢ q
acting over the middle region of the span (see figure). W
Determine the angle of rotation 6, at the left-hand support and the B
; S Ap - |
deflection 8, at the midpoint. 2
. L“W
| L |
Solution 9.5-12 Simple beam (partial uniform load)
Loab: gdx = element of load Replace P by gdx Replace a by x
i 0 Integrate x from a to L/2
S R A S o= [ oL — =L Uz (L — XP)dx
AL I — ___|B AT 2E 2EI ),
= £ =L 6+ 4ad)
o 24E1
L L a‘j
/9 /2 2 2
T T G-2, CAsE 6 Omax = ——(BL" — 4a
| ABLE , CASE max 24EI( )
Pa(L — a) Replace P by gdx Replace a by x

2EI Integrate x from a to L/2

e
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L2 L/2)
= [T G - a2 S = [L — 4L — a)®
Omax = /a 24E1( x)(3L 4x%) max = AT El ( ) ( a)
q 7)) L\2
— 3% — 4x)d. 2L — a)? - o} =
24EI (BLx x7)dx + 4L(L — a)* + 2(L — a) 5
_ 9 4 5y 252 4 L\? L\3
= gL~ 24 ¢ 16— AL - “)(5) N L(g) ]
A ded; algebra i ga’ L L
LTERNATE SOLUTION (not recommended; algebra 1S — |: —L 2 + 4L2(7> + az(i)
extremely lengthy) 24LEI 2
Table G-2, Case 3 6L(L)2 2<L>3]
— — + —
0, = M[ZL L ]2 2 2L 2 2
AT 24LEI = 24LEI( @ A ) s .
S = — (54 — 241%% + 16a%) <«
384EI

=L (13— 6La> + 4>
241" a’+ha) <

|

Problem 9.5-13 The overhanging beam ABCD supports two

y
concentrated loads P and Q (see figure). M, P 0
(a) For what ratio P/Q will the deflection at point B be zero? A l c l
(b) For what ratio will the deflection at point D be zero? E:L . —X
(c) If Q is replaced by uniform load with intensity ¢ (on the B é D
overhang), repeat (a) and (b) but find ratio P/(qa)
L L A
T T
2 2 * Rc
q (for Part (c))
Solution 9.5-13
(a) DEFLECTION AT POINT B P 9a
83 =0 - =
Table G-2 Cases 6 and 10 0 4L

e
@]

e
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(b) DEFLECTION AT POINT D 50 =0 P 9a
5= - 2¢
Table G-2 Case 6; Table G-1 Case 4; Table G-2 qa 8L
Case 10 (c.2) DEFLECTION AT POINT D
P(;) {(ZL) _ g] Table G-2 Case 6; Table G-1 Case 1; Table G-2
Case 10
p= 2E] @ e
P L 2L) — é
+Qa3+Qa(2L)() 5 2 @D 2
3EI | 2EI D=~ SE] ()
P 8aBL + a) qa’
5p=0 EZT — oot (2 (2L)
Tem T 2m @
(c.1) DEFLECTION AT POINT B
Table G-2 Cases 6 and 10 dp =0 L a@L +a
L qa 32
(3)
su=gar [ (5)en = 5(5)
BT 6EI 2 )@ 2
()6
L\? 2 )\2 L
2 2EI 2
Problem 9.5-14 A thin metal strip of total weight W and length L is placed B

across the top of a flat table of width L/3 as shown in the figure.
What is the clearance 6 between the strip and the middle of the table?
(The strip of metal has flexural rigidity EI.)

bbbt ]

Solution 9.5-14 Thin metal strip

. w TaBLE G-2, Casges 1 AND 10
W = total weight ¢ = —

L o S (LY L oLy
EI = flexural rigidity 384EI\ 3 8EI\ 3
FREE BODY DIAGRAM (the part of the strip above the table) _ 5qL* i gL’
31,104EI  1296EI
7o | 4
wl L | L _ 19qL
s k 31,104E1
SR oXeXe B t W ) 19WL3 -
utg=—  ..0= "
J— Ljg—| 77 31,104E1
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Problem 9.5-15 An overhanging beam ABC with flexural rigidity

EI = 15 k-in.” is supported by a guided support at A and by a spring
of stiffness k at point B (see figure). Span AB has length L = 30 in. and
carries a uniform load. The over-hang BC has length b = 15 in. For
what stiffness k of the spring will the uniform load produce no
deflection at the free end C?

SECTION 9.5 Method of Superposition 739

Y

M, q

CEA LB_?_/{ bjcx

Solution 9.5-15

EI = 15kip-in>. L =30in. b= 15in. 3EI
Skip - in 30 in 5in for ¢ = 0 k:j
Ry =gqL bL
Table G-2, Case 1 Therefore k = 3.33Ib/in «—
gLy’ gL
6c = 0pb — 65 = b) — —
c- B 5= oamr P T %

Problem 9.5-16 A beam ABCD rests on simple supports at

B and C (see figure). The beam has a slight initial curvature so that
end A is 18 mm above the elevation of the supports and end D is

12 mm above. What moments M, and M5, acting at points A and D,
respectively, will move points A and D downward to the level of the
supports? (The flexural rigidity EI of the beam is 2.5 X 10° N - m?
and L = 2.5 m).

Solution 9.5-16

EI=25X10°N-m*> L=25m §,=18mm M2L2+ (M1L+M2L>L
5, =12 mm Y] 6EI  3EI
Table G-2 68, EI

able G-2, Case 7 SMy + Mo = AZ )
] ML ML o ML M,L L

B 3E1 7 6EI € 6EI ' 3EI 68 pEl

5M2 + M] = L2 (2)

DEFLECTION AT POINT A AND D

Table G-1, Case 6 SOLVE EQUATION (1) AND (2)

5. _ ML? 5 - M,L? _ EI(584 — dp) _ El58p — 8y

A= g T o= Ok : 412 : 412

M, L? ML M,L Therefore
8A = + + L
2EI 3EI  6EI M, =7800N-m —

M,=4200N-m <
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Problem 9.5-17 The compound beam ABC shown in the figure

M, P Mc

has a guided support at A and a fixed support at C. The beam A B c
consists of two members joined by a pin connection (i.e., moment C E D
‘ 3b <~ b~ 2b 1Rc

release) at B. Find the deflection 6 under the load P.

Solution 9.5-17

- Pb)[
Table G-1, Case 4 5 = (b) 30)(8b) — 3 — (b)z} sy
B = r 3
3EI P(b) ) 2} P(2b)
6 =——|3b)8b) — 3b° — b° | +
6EI| &) ®8) 3EI
DEFLECTION UNDER THE LOAD P 5 6P -
Table G-2, Case 6 ~ El
Problem 9.5-18 A compound beam ABCDE (see figure) consists of two P
parts (ABC and CDE) connected by a hinge (i.e., moment release) at C. A B c D v
The elastic support at B has stiffness k = EI/b> Determine the deflection [ ) E
O at the free end E due to the load P acting at that point. EI é
k= )
L— 2b —»‘e b 4« b + b —

Solution 9.5-18

CoONSIDER BEAM ABC ConsIDER BEAM CDE

3P Rg 3P Table G-2, Case 7; Table G-1, Case 4
Rp = — = — = — Upward
BTy BT Tk P s _PO®) PY o (PH(B)
Table G-2, Case 7; Table G-1, Case 4 £ 3EI 3EI ¢ 3EI
Pb(2b) . PB? 2b + b L PY | PUABk + 9ED)
c=3g Pt 3g o\ Ty, 3EI 4EIk
3 El
:Pb(zb)b+ﬂ+g<2b+b) for k = —5
3EI 3EI 2k 2b b
3
P(4b’k + 9EI) _ 47Pb -
c = —4E1k Upward E 12EI
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Problem 9.5-19 A stekel beam ABC is simply supported at A and held —
by a high-strength steel wire at B (see figure). A load P = 240 Ib acts at

the free end C. The wire has axial rigidity EA = 1500 X 10 Ib, and the o e Wire
beam has flexural rigidity EI = 36 X 10° Ib-in.2 20jin. Beam P=2401b
What is the deflection 6 of point C due to the load P? B/
Ap YC

l«— 20 in. —>f«—— 30 in. ———>

Solution 9.5-19 Beam supported by a wire

(2) ASSUME THAT THE WIRE STRETCHES

iy

T = tensile force in the wire
h P
1P =—(b+c)
A B ”’;C b
£ 7 o Ph(b + ©)
| N LAY
[—* ¢ ! 2
5" 5 (b + c) Ph(b + ¢) (d n
= = ownwar
€T EAD?

P=2401b b=20in. ¢ =30in. h=20in.
Beam: EI = 36 X 10° Ib-in.?
Wire: EA = 1500 X 10° 1b

(3) DEFLECTION AT POINT C

d¢ = 8.+6. = P(b+ )[62 +h(b+c)}
= = «—

A EYTARTTe

(1) ASSUME THAT POINT B IS ON A SIMPLE SUPPORT

Substitute numerical values:

i P
: 8¢ = 0.10in. + 0.02in. = 0.12in. <«
B &
A C
b :
£ C
5= Pic3+ Onc = P76‘3+(P )(i)
€ 3Er T e O\ 3RS
= Pfcz(b +¢) (d d)
=32 c ownwar
Problem 9.5-20 The compound beam shown in the figure q
consists of a cantilever beam AB (length L) that is pin-connected to a simple l l l l l l l l l l l l l l l
beam BD (length 2L). After the beam is constructed, a clearance c exists S8 D
between the beam and a support at C, midway between points B and D. A B\ C/N—
Subsequently, a uniform load is placed along the entire length of the beam. Moment
What intensity ¢ of the load is needed to close the gap at C and bring release ‘
the beam into contact with the support? L \ L \ L 44
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Solution 9.5-20 Compound beam

BeaM BCD WITH A SUPPORT AT B 8. = downward displacement of point C due to 8
4
; . g q e ,_Sq(2L)4 ag:lelqu
1 l § Ll ¢ = 384kl 2 48EI
= 4
= Sk DOWNWARD DISPLACEMENT OF POINT C
24E1 4 4 4
. SqLt 11qL” gL
6., =06.1t6,= =
24EI 48El  16EI
TqL*
¢ = clearance c=0c=——
16E1
qL gL' (gL’
op = @ 3El INTENSITY OF LOAD TO CLOSE THE GAP
11 L4 _ 16EIC
B = 24qu (downward) 4= "5

Problem 9.5-21 Find the horizontal deflection J,, and vertical deflection &, at the free end C of the
frame ABC shown in the figure. (The flexural rigidity EI is constant throughout the frame.)
Note: Disregard the effects of axial deformations and consider only the effects of bending

due to the load P. ‘.g c %

Solution 9.5-21 Frame ABC

MEMBER AB: MEMBER BC WITH B FIXED AGAINST ROTATION:
. . P Table G-1, Case 4-:
8;, = horizontal deflection i 3
of point B “ C r_ Pfc
C c
Table G-1, Case 6: 1 3EI
2 2
5, = (Pc)b = Pcb VERTICAL DEFLECTION OF POINT C
2EI 2EI 3
8. =5, =6 +05c = P
=5 = == 4+ 2
o, = L R Y N
EI 5
Since member BC does not change in length, - E(c + 3b)
0y, is also the horizontal displacement of point C. Pc?
0,=——(c+3b) «—
Pcb? 3EI
. 8;, = <«

2EI

e
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Problem 9.5-22 The frame ABCD shown in the figure is squeezed by two collinear P
forces P acting at points A and D. What is the decrease 6 in the distance between B YA
points A and D when the loads P are applied? (The flexural rigidity EI is constant =
throughout the frame.) a ‘
Note: Disregard the effects of axial deformations and consider only the effects = D
of bending due to the loads P. ¢ 0
L P
Solution 9.5-22 Frame ABCD
MEMBER BC: MEMBER BA:
ip
i
B y
g¥_PL !g L |
“ a 3
ck Table G-1, Case 4: 84 = 2 + 9,L
) & PL able G-1, Case 4. 04 3E] B
L X
PL PLa
=t oD
3El 2EI
(PL)a  PLa 5
. . = == PL
Table G-2, Case 10: 0 EI SEl _ @(ZL + 3a)

DECREASE IN DISTANCE BETWEEN POINTS A AND D

5 =128, =

2

PL
Lor+
e

Problem 9.5-23 A beam ABCDE has simple supports at B and D and symmetrical

overhangs at each end (see figure). The center span has length L and each overhang
has length b. A uniform load of intensity ¢ acts on the beam.

(a) Determine the ratio b/L so that the deflection & at the midpoint of
the beam is equal to the deflections 6,4 and & at the ends.
(b) For this value of b/L, what is the deflection 8 at the midpoint?

ERERERNRNa)
B c :&D
b — L lb%

Solution 9.5-23 Beam with overhangs

Beam BCD: Table G-2,
q 13
. q
2 ] I i i N 0, =
%%\N L4 = it B ' B u4Er
B Cc qL

" 24E1

Case 1 and Case 10:

)
2 \2EI

——(L> — 6b%) (clockwise is positive)
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5qL* gb*( 12 ql? Rearrange and simplify the equation:
oc = - 7<7> = 7(5142 - 24172) 4 3 2,2 3 4
384E1 2 \8EI 384E1 48b" + 96b°L + 24b°L" — 16bL° — S5L" =0
(downward is positive) (D or
b\* b\? b\ b
9
H i H b
| | i (a) Rario —
¥ ¥ ¥ ¥ L
! b Solve the preceding equation numerically:
b b
Table G-1, Case 1: I = 0.40301 Say, I = 0.4030 «—
SR LA (A
A= Smr 80 = Smr 24EI( ) (b) DEFLECTIOzN 8c(Ea. 1)
qL
b = 2 _ 2
= P 3p3 4 6p2L — 13 dc 384EI(SL 2467
24EI 12
. . q 2 2
= SL° — 24 (0.40301 L
(downward is positive) 33 4EI[ ( )]
4
DEFLECTION 8¢ EQUALS DEFLECTION 04 _ 0.002870‘11‘
g 12 gb EI
2 2y 3 2r _ 73
384EI(5L — 2407 = 24E1(3b +6b°L — L) (downward deflection) “—
Problem 9.5-24 A frame ABC is loaded at point C by a force P acting at an angle ‘ P
« to the horizontal (see figure). Both members of the frame have the same length and | L ﬂ o
the same flexural rigidity. T
Determine the angle « so that the deflection of point C is in the same direction B ¢
as the load. (Disregard the effects of axial deformations and consider only the effects
of bending due to the load P.) .

Note: A direction of loading such that the resulting deflection is in the
same direction as the load is called a principal direction. For a given load
on a planar structure, there are two principal directions, perpendicular to each other.

Solution 9.5-24 Principal directions for a frame

P, and P, are the components of the load P
P, =Pcosa

P, = Psin«

If P Sy = L to the right
7 ACTS ALONE H= 30 (to the right)

5 oL = (P1L2>L P

BTN 2EL )T 2EI
(downward)
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If P 8y = PyL* to the left
> ACTS ALONE H= e (to the left)
. PL? PL? ([ PL? 4p,L3
8y =——+0pL = + L=
3EI 3EI EI 3EI
(upward)
DEFLECTIONS DUE TO THE LOAD P
5 P Pl [ P, — 3Py
B~ 31 2E1  6EI! 2
(to the right)
P\L* 4PL* [
o, = + =——(—3P; + 8Py)

" 2EI ' 3EI  6EI
(upward)

—p—

SECTION 9.6 Moment-Area Method

8, —3P +8P,
oy 2P —3P,
_ —3Pcosa + 8Psina

2Pcosa — 3Psina

—3 + 8tana
2 — 3tana

PRINCIPAL DIRECTIONS

745

The deflection of point C is in the same direction as the

load P.

P2 81}
J.tana = —=—_— or tana =

-3 + Stanw
P, 6y 2 —3tana

Rearrange and simplity: tan’ac +2 tan a — 1 =0

(quadratic equation)
Solving, tana = — 1 £ V2
a=225, 1125, —-675, —151.5

Moment-Area Method

The problems for Section 9.6 are to be solved by the moment-area method. All beams have
constant flexural rigidity EI.

ANGLE OF ROTATION

Use absolute values of areas.

A dix D, Case 18: A _l(L<qu)_qL3
ppendix D, Case 18: A = 3 ) k1) = 6EI
_ 3L
xX=—
4

Q; = First moment of area A; with respect to B

3 4

 [(qIP\[3L\ qL
—Aax= ()= ) =2

0= A (6EI>( 4 ) 8EI
gL

op = Q) = Sl (Downward) «—

(These results agree with Case 1, Table G-1.)

Problem 9.6-1 A cantilever beam AB is subjected to a uniform load of intensity ¢ A B
acting throughout its length (see figure). ‘ L
Determine the angle of rotation 65 and the deflection 85 at the free end. !
Solution 9.6-1 Cantilever beam (uniform load)
M . gL’
I DIAGRAM: Opa =05 — 04 = A, = Bl
L3
0,=20 0p = Bl (clockwise) «—
DEFLECTION




09Ch09.gxd 9/27/08 1:33 PM Page 746 $
746  CHAPTER9 Deflections of Beams
Problem 9.6-2 The load on a cantilever beam AB has a triangular distribution q0

with maximum intensity g, (see figure).

Determine the angle of rotation 6 and the deflection 65 at the free end.

A B
L |
Solution 9.6-2 Cantilever beam (triangular load)
M _ bn+1) 4L
— DIAGRAM X = =—
EI _ n+2 5
M A - ! B qoL’
El OF Opa =6 0y =A== ——
EI O} BAa = OB A ' SuE]
qoL’ .
| 3rd degree curve (n = 3) 0, =0 0p = —— (clockwise) «—
" 6EI
DEFLECTION

ANGLE OF ROTATION
Use absolute values of areas.
Appendix D, Case 20:

bh__ I(L)(%Lz) _ @l
n+1 4 6EI 24E1

A1:

0, = First moment of area A; with respect to B

- gL\ (4L qoL*
O =Ax=\"— I\ )=%~
24E1 5 30EI
5p— 0 - O o d
p =01 = 0] (Downward)

(These results agree with Case 8, Table G-1.)

Problem 9.6-3 A cantilever beam AB is subjected to a concentrated load P and
a couple M, acting at the free end (see figure).

Obtain formulas for the angle of rotation 65 and the deflection 65 at end B.

r)Mo

Solution 9.6-3 Cantilever beam (force P and couple M)

M
—- DIAGRAM
EI

NortE: A, is the M/EI diagram for M (rectangle). A, is

the M/EI diagram for P (triangle).

ANGLE OF ROTATION

Use the sign conventions for the moment-area theorems

(page 713 of textbook).

ML L
Al = X1
El 2

e

) =

_p
2EI

X

2L

3
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—p—

MyL  PI?
A0:A1+A2:7_7

EI  2EI
Opa = 0p — 04 = Ay 04 =0
o — a4 Mol pL?
B=20" g 2EI

(63 is positive when counterclockwise)

DEFLECTION
Q = first moment of areas A; and A, with respect to
point B
Q:Alxl +A2}2:M07LZ—P7L3
2EI 3EI

SECTION 9.6 Moment-Area Method 747

i
2Bl 3EI

MyL?
SB: 0

tgia = Q = Op
(6p is positive when upward)

FINAL RESULTS

To match the sign conventions for 6z and &z used in
Appendix G, change the signs as follows.

PL*>  MyL - ,

0p = 2Bl EL (positive clockwise) «—
Pl MyL? L

op = 3Bl 2 (positive downward) «—

(These results agree with Cases 4 and 6, Table G-1.)

Problem 9.6-4 Determine the angle of rotation 65 and the deflection 85 at the free end
of a cantilever beam AB with a uniform load of intensity g acting over the middle third

of the length (see figure). A B
|
3 3 3
Solution 9.6-4 Cantilever beam with partial uniform load
M 2 3
— DIAGRAM Ay = l(é) (ﬂ) = ﬂ
El _ > 2\3/\9EI)  54EI
X
2L 2(L 8L
3 5 5 I 5(5) =
o = B
\Parabola Ag=A; + A, + Ay = 7qL3
i8ET L U7
il Opy =0 — 04 =A
BT BIA B A 0
7qL3 .
0,=0 0p = (clockwise) «—

ANGLE OF ROTATION 162E1
Use absolute values of areas. Appendix D, Cases 1, 6,
and 18: DEFLECTION

(AT ECAN,

P73\ 3 J\18EI) ~ 162E1

_ L 3(L\_ 7L

x1—§+z<§>—u

Ay = L)(qﬁ):qﬁ oLy L_5L
3J\18EI) ~ 54EI 36 6

QO = first moment of area A, with respect to point B

_ _ _ 23qL*
Q = Alxl + A2X2 + A3)C3 = 7648E1
23qL*
op =0 = GASEI (Downward) «—
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Problem 9.6-5 Calculate the deflections 85 and 8¢ at points B and C, respectively, M, P
of the cantilever beam ACB shown in the figure. Assume M, = 36 k-in., P = 3.8k,

L = 8 ft, and EI = 2.25 X 10° Ib-in.?

—p—

Solution 9.6-5 Cantilever beam (force P and couple M)

—~ DIAGRAM
EI

Mo
Y
(0]
_PL
S )
| 2 [ 2

NotE: A, is the M/EI diagram for M, (rectangle). A, is
the M/EI diagram for P (triangle).

Use the sign conventions for the moment-area theorems
(page 713 of textbook).

DEFLECTION 63

Qp = first moment of areas A; and A, with respect to
point B

- == (G )5)(Y)
55 )el3)

—— (9M, — 8PL)

2

T 24E1
2

tga = Qp =08  O0p = ——(9My — 8PL)

24E1

(6p is positive when upward)

DEFLECTION 6~

Q¢ = first moment of areas A; and left-hand part of A,
with respect to point C

-0 - GRG)E)
~Ga)GE)G)

2

M, PL
= g Mo — SPD)

2

L
—~—(6My — 5PL)

tca = Qc=0c Oc¢c= 18E]

(8¢ is positive when upward)

ASSUME DOWNWARD DEFLECTIONS ARE POSITIVE
(change the signs of 65 and 6¢)
2

L
83 = —— (8PL — 9M, —
8= 241 ¢ o)

L2
BC = ——(5PL — 6M,) <«

48EI
SUBSTITUTE NUMERICAL VALUES:

My =36kin. P=38k

L=8ft=96in. EI=225X 10°k-in.?

8 = 0.4981 in. — 0.0553 in. = 0.443 in. —
8¢ = 0.1556 in. — 0.0184 in. = 0.137 in. —
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Problem 9.6-6 A cantilever beam ACB supports two concentrated loads P, and P, P, P,
as shown in the figure. A lC 5
Calculate the deflections 85 and d¢ at points B and C, respectively. Assume
P, =10kN, P, = 5kN, L = 2.6 m, E = 200 GPa, and I = 20.1 X 10° mm*. ‘
L L
2 2
Solution 9.6-6 Cantilever beam (forces P; and Py)
M 1(PIL\({L\(L L 1/ P,L 2L
— DIAGRAMS op==l— N =+= |+ = || —
EI 2\2EI/\2/\2 3 2\ EI 3
L 3 3
E{ B SfﬁL IEL‘
= (downward) «—

+ —
48EI 3EI

DEFLECTION 8¢

Oc = tcja = Qc = first moment of areas to the left
L L of point C with respect to point C

=) )06 G)G)E)
a)5)6)

TR P.L} 5P,
= — d d «—
2apr  aggy (dovnward)
P,=10kN P,=5kN L=26m
E =200 GPa I=120.1 X 10° mm* SUBSTITUTE NUMERICAL VALUES:
Use absolute values of areas. O0p = 4.554 mm + 7.287 mm = 11.84 mm «—

Oc = 1.822 mm + 2.277 mm = 4.10 mm <~

DEFLECTION &3
(deflections are downward)

dp = tga = Qp = first moment of areas with respect

to point B

Problem 9.6-7 Obtain formulas for the angle of rotation 6, at support A and the q

deflection &, at the midpoint for a simple beam AB with a uniform load of l l l l l l l l l l

intensity ¢ (see figure). A
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Solution 9.6-7 Simple beam with a uniform load

DEFLECTION CURVE AND E DIAGRAM

q12

Omax = maximum deflection (distance CC,)

Use absolute values of areas.

ANGLE OF ROTATION AT END A

Appendix D, Case 17:

n= = 2(H)(L) - 22
P27 3\ 2 J\8EI) — 24EI

*_i(é)_iL
178\2) " 16

1
Distance CC; = 5 (BB)) =

—p—

tgia = BBy = first moment of areas A; and A,with
respect to point B

s aofE) = 2
= AN ) T o

BB 3
6A = 71 4

3 = SaEl (clockwise) «—

DEFLECTION 8,0 AT THE MIDPOINT C

gL

48EI

tcya = CoCy = first moment of area A; with respect

to point C
= () Ge) = i
= Alxl = - J— =
24E1)\ 16 128E1
5. = CCy= CC, — ooy = AL L
max  HE2 L ML ARET 128ET
5qL*
= (downward) «—
384E]

(These results agree with Case 1 of Table G-2.)

Problem 9.6-8 A simple beam AB supports two concentrated loads P at
the positions shown in the figure. A support C at the midpoint of the beam is
positioned at distance d below the beam before the loads are applied.

Assuming that d = 10 mm, L = 6 m, E = 200 GPa, and

I =198 X 10° mm*, calculate the magnitude of the loads P so that the beam F L
4

just touches the support at C.

Solution 9.6-8 Simple beam with two equal loads

M
DEFLECTION CURVE AND E DIAGRAM

L L
A 2 C 2 B
£ 8¢ = tpc
3¢

0c¢ = deflection at the midpoint C
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P> _ 3L _ __ PL? (3L PL* (L
Alzi X1 = :A1X1+A2X2:77 + — | =
16EI 8 16EI \ 8 32EI \ 6
Loz L %
2T e T 6 384E1
Use absolute values of areas. d = gap between the beam and the support at C
DEFLECTION 8¢ AT MIDPOINT OF BEAM MAGNITUDE OF LOAD TO CLOSE THE GAP
_1er? _ 384Eld

At point C, the deflection curve is horizontal.

= P
dc = tpc = first moment of area between B and C 384E1 e’

with respect to B SUBSTITUTE NUMERICAL VALUES:
d =10 mm L=6m E =200 GPa
I=198 X 10° mm* P =64kN —

Problem 9.6-9 A simple beam AB is subjected to a load in the form M
of a couple M, acting at end B (see figure). h
Determine the angles of rotation 6, and 05 at the supports and A B
the deflection & at the midpoint. £ j:&
|
\

Solution 9.6-9 Simple beam with a couple M,

ANGLE OF ROTATION 64
DEFLECTION CURVE AND — DIAGRAM
El tgia = BBy = first moment of area between A and B

with respect to B

_1<Mo>L<L>_MoL2
=\ m)® 3) 6EI

BB, MyL Jockwi
= = «—
n 3 GE] (clockwise)
M, ANGLE OF ROTATION g

tap = AA| = first moment of area between A and B
with respect to A

1( My 2L\ MyL?
=0 Jol 5 ) =

2\ EI 3 3EI

0, = AA,  MyL

6 = deflection at the midpoint C B= L  3E

6 = distance CC,

(Counterclockwise) «—

Use absolute values of areas.
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DEFLECTION & AT THE MIDPOINT C MyL*>  M,L?
2 SZCC]—C2C1:7—
Di co 2l BB ML 12EI  48EI
t. = — =
1Stance 1 5 1 12EI M0L2
) = (Downward) «—
tcya = CoCy = first moment of area between A and C 16E1
with respect to C (These results agree with Case 7 of Table G-2.)
_ 1<M)<L>(L) _ ML
2\2EI/\2/\6 48E1
Problem 9.6-10 The simple beam AB shown in the figure supports two P P
equal concentrated loads P, one acting downward and the other upward. l T B

Determine the angle of rotation 6, at the left-hand end, the deflection
6, under the downward load, and the deflection &, at the midpoint

A
N
of the beam.
‘ L

Solution 9.6-10 Simple beam with two loads

Because the beam is symmetric and the load is ANGLE OF ROTATION 6, AT END A
antisymmetric, the deflection at the midpoint is zero.

A
]

tcja = CC, = first moment of area between A and C
S.6=0 <~ with respect to C

aft-art)ewf2)e

_ Pa(L — a)(L — 2a)

B 12E1

_CCy PalL — a)(L — 2a)
7 6LEI

04 (clockwise) <«
DEFLECTION & 1 UNDER THE DOWNWARD LOAD

a
— Jcc

3 /2)( )]
_ Pa*(L — a)(L — 2a)
B 6LEI

tpya = DyDy = first moment of area between A
and D with respect to D

Distance DD, = (

M, _ Pa(l — 2a)

El | AjEI o _ A](g> _ PaL ~ 20)
A= E(FII)(“ T 2uE ’ o
X 8, = DD; — DD,
42 = %(%) (% - a) - % = PAd 20 (Downward) <
6LEI

e
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Problem 9.6-11 A simple beam AB is subjected to couples M, and 2M,, as My 2M,
shown in the figure. Determine the angles of rotation 6, and 65 at the beam A B
and the deflection 6 at point D where the load M, is applied. | q q

D E

Solution 9.6-11  Simple beam with two couples

M ANGLE OF ROTATION 65 AT END B
DEFLECTION CURVE AND I, DIAGRAM

tag = AA| = first moment of area between A and B
with respect to A

(2L> <L ZL) (2L L)
= i\ — + A2 — 4+ — + A3 — + — =
9 39 3 9

DEFLECTION & AT POINT D

MyL?

18E1

1
Distance DD = E(BBl) =

tpya = DpD; = first moment of area between A
and D with respect to D

_A<L)_M0L2
“ "N\ o) s4Er

M,yL?
6:DD1 _D2D1:7
27EI
(downward) «—
A A 1 ( M0> < L> ML  MyL Nore: This deflection is also the maximum deflection.
P2 o\ EJ\3)  6EI 3T 6EI

ANGLE OF ROTATION 6,4 AT END A

tgia = BB; = first moment of area between A and B
with respect to B

2L L L L 2L
:Ali‘i‘* +A2*+*+A37
39 39 9
_ MyL?
~ 6EI

BB, ML
L 6EI

04 = (clockwise) «—
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—p—

Nonprismatic Beams

Problem 9.7-1 The cantilever beam ACB shown in the figure has moments of A b

inertia I, and /; in parts AC and CB, respectively.

(a) Using the method of superposition, determine the deflection 6 at the free

end due to the load P. L l L
(b) Determine the ratio r of the deflection 65 to the deflection §,; at the free end 2 2
of a prismatic cantilever with moment of inertia /; carrying the same load.
(c) Plot a graph of the deflection ratio r versus the ratio I,/; of the moments of
inertia. (Let I,/I; vary from 1 to 5.)
Solution 9.7-1 Cantilever beam (nonprismatic)
Use the method of superposition. (3) Total deflection at point B
a) DEFLECTION 8y AT THE FREE END rL? 1
@ ? 83:<63)1+(63)2:ﬂ(1+7 «—
(1) Part CB of the beam: 1 2
F PL?
c I : (b) PRISMATIC BEAM 8] = ——
B 3 3 3EL
L G = — <£>—PL op 1 71
2 7 3m\2) T 2, Ratio: r = 2 — 7(1 ; 4)
6; 8 I
(2) Part AC of the beam: (c) GRAPH OF RATIO
P
AR pL
A b ) 1 L
L r 11 r
5 0.5
1 1.00
P(L2)}  (PLRYLI2?  5PL3 O 2 1056
o= = 1.2 3 4 3| 042
3EI, 2EI, 48EI, L 4 0'34
)i .
2 2 1
- P(L/2) (PLI2)(L/2) _ 3PL 5 0.30
2EI, EI, 8EI,
L 7PL?
6p)r =8+ 0l = | =
(8p)2 = O¢ c< > ) 24EL
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Problem 9.7-2 The cantilever beam ACB shown in the figure supports a uniform
load of intensity g throughout its length. The beam has moments of inertia /, and I,
in parts AC and CB, respectively.

(a) Using the method of superposition, determine the deflection 85 at the free
end due to the uniform load.

(b) Determine the ratio r of the deflection 6 to the deflection 6, at the free end
of a prismatic cantilever with moment of inertia /; carrying the same load.

755

(c) Plot a graph of the deflection ratio r versus the ratio I,/I; of the moments of L
inertia. (Let I,/I; vary from 1 to 5.) \ 2
Solution 9.7-2 Cantilever beam (nonprismatic)
Use the method of superposition (3) Total deflection at point B
(a) DEFLECTION 65 AT THE FREE END 85 = (Og) + (Og)y = lzquI; (1 N 1?11
(1) Part CB of the beam: 1 2
ql*
(b) PRISMATIC BEAM 8] = ———
8EI
4
- & Ratio _%_L(H@
128EI, atio: r = 5, =16 I
(c) GRAPH OF RATIO
1 -
-
0.5
O T T T T
1 2 3 4 5 L
I
qL 3
— (L2
oy ( 2 )( : L
" 8EL 3EL I r
al?\(LY’ 1| 100
8 J\2 17¢L* 2 | 053
+ =
2EL 384EI, 3 ] 038
(L12)>  (qLI2)(LI2)*  (gL*8)(L/2) 4| 030
b =1 + 4 + 4 5 | 025
6EL, 2EL El,
_ 7qL3
 48EL

L 15gL*
gy =8¢ + 0c = ) =
(®p)2 = Oc C(z) 128EL
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*Problem 9.7-3 Beam ACB hangs from two springs, as shown in the
figure. The springs have stiffnesses k; and k, and the beam has flexural 1RA =k10y IRB =ka0p
rigidity EI.
(a) What is the downward displacement of point C, which is at the ki % M, % ky
midpoint of the beam, when the moment M, is applied? Data for 2E1 A El
the structure are as follows: My = 7.5 k-ft, L = 6 ft, EI = 520 k-ft?, A C BB
ki = 17 k/ft, and k, = 11 k/ft. L2 L2

(b) Repeat (a) but remove M, and, instead, apply uniform load ¢
over the entire beam.
q =250 1b/tt (for Part (b) only)

HEEEEEN

*Solution 9.7-3
My =75kip/ft L=61ft  EI=520kip/ft®  k; = 17kip/ft  k, = 11kip/ft g = 250 Ib/ft

(a) BENDING-MOMENT EQUATIONS-MOMENT M AT C

M L
2ER = M =~ (Ost—)

L 2

Myx? L

2Elv = —+ (4 O0=x=—
2L 2

2EI —M°x3+c +C (0< <L)
Vo TR P

0=0 C=0 2EI—M+C <0< <5>
B.C. V 5 v oL 1x =x=7
s -5)
MO M(}X L
Eh" = ——2 = My+—> (Z=x=1L
2 L L \2
Mx? L
Ev=—Myx+——+C; |-=x=1L
2L 2
Elv = M°x2+M°x3+c +C <L< <L>
v 2 6L T2 T T
(L) =0 M0L2+MOL3+CL+C—O 1
B.C. v )— B 6L 3 4 = (
[ /L2 L\2
w(3) w(3)
(L) (L) Do o= —mkr —2 4 @
B.C - = - b = - — T
VL2 ) T "R(% 2| 2L ! ) oL 3
L 3 L 2 L 3
w(3) wf3) ml3)
<L> <L> ! 2/ ek 2/ N2 Lo 3)
B.C. — )= = - —— —|= - =
L2/~ "R(2 2l 6L 1 2 6L 3y Tt
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From (1), (2), and (3)

Cl=0 Cim—MlL —Cuo= M2 <
1 3 16 0 4 48 0
Therefore
My L
= 0 < = —
ve) = TmL ( * 2)

M, L
v(x) = 48%(—24;& + 8¢ + 2112 — 513 (5 <x= L)

DEFLECTION AT A AND B

My My
Ry==" Rg= -2
AT L B L
R R
6A:k7A 6B:k73
1 2

04 = 0.88in. Downward 0p = —1.36in. Upward

DEFLECTION AT POINT C

L 1
8C = _V(5> + E(SA + 83)
L3
Mf
8¢ = 0(2)+15+5
= "o 2@t

6c = —0.31in. Upward «—

(b) BENDING-MOMENT EQUATIONS-UNIFORM LOAD ¢

Lx 2 L
2EIV" = = gi"—'gé* <O =x S‘g)
qu2 qx3 L
2EN’ =‘AZA'—‘?;'+ Cy O0=x= 5
2= e, (0= <£>
LTRSS
Bev0)=0 Cy=0 N A AP (0<x<£>
- 2 12 24 ! —t T

_ qkx
)

2
X
EW" -
2
EIv’=q7sz—qu3+C (£<x<L>
4 6 > \27 "~

=t e (B
LT I YR G S T

757
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L} L

o) =0 2 4
12 24

- GL+ G =0

wei(B)=u(2) 1 a(3) o3)

- +C | = - +C
4 6 ! 3

als) ods)

I
0
<
S
S
0|~
~_
Il
<
=
S
N |
N~
N | =
r

12 24 2
L\? L\*
L — -
= ! (2> q(z) + Cm+ C
12 24 3 4
From (1), (2), and (3)
-7 -37 5
Cl=—al?® Ci=—"qgl® Cy=—ql*
EETT 37 768 ¢ 47 7687
Therefore
x L
W) = —— B (302 + 168 + 2113 (0 =x= 7>
768EI 2

L
V) = — 1 (64L> — 326* — 37 + 5I4 (5 =x= L)

T68E]

DEFLECTION AT A AND B
gL gL
= — R - —
2 B7 0

ky

64 = 0.53in. Downward

Ry

84

DEFLECTION AT POINT C

L 1
6c= —v|l =]+ =64 +6
c V(z) 2(A B)

L

~ 768EI 2

ky

6z = 0.821in. Downward

op

q5 2 3
2 L L 1
8¢ —{—32L<—> + 16<§> + 21L3} + 5(5A + 8p)

6c = 0.75in. Downward

«—

(1

2

3)
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Problem 9.7-4 A simple beam ABCD has moment of inertia I near the supports q
and moment of inertia 2/ in the middle region, as shown in the figure. A uniform ’ l l l l l l l ‘
load of intensity g acts over the entire length of the beam.

Determine the equations of the deflection curve for the left-hand half of the
beam. Also, find the angle of rotation 64 at the left-hand support and the deflection

Omax at the midpoint. I i I
L L L
4 4

|

‘ L
Solution 9.7-4 Simple beam (nonprismatic)
Use the bending-moment equation (Eq. 9-12a). L
B.C. | Symmetry: v’ 5 =
REACTIONS, BENDING MOMENT, AND DEFLECTION CURVE 13
q
F Eq.(4):Cy =— —
rom Eq. (4): C; = =
2 3 3
gLx* gx° qL (L L)
2EN' = - | =x= 5
VT4 6 24 \4 "7 2 ©)

SLOPE AT POINT B (FROM THE RIGHT)
. L .
Substitute x = N into Eq. (5):

11gL3
768

Elvg = — (6)

B.C. 2 CONTINUITY OF SLOPES AT POINT B

(VB)Lert = (V,B)Right
From Egs. (3) and (6):

gL (L\* q[L\? 11gL3 _ 7qL3
BENDING-MOMENT EQUATIONS FOR THE LEFT-HAND HALF a\3) 76\ +C =— 768 S.C =— Sse
OF THE BEAM
Lx  gx° L
Elv' = M = qtx — gx- (0 =y = 7) ) SLOPE OF THE BEAM (FROM EQs. 3 AND 5)
g~ X e el (0 L )
Lr ¢ (L L V=t T (0=x=7
EI'—quz—q—xs—q—L3 <£< <£) ®)
VST T2 48 \a T3

Bl = gLx* B Lx‘ ¢ (0 _ = L > 3) ANGLE OF ROTATION 6,4 (FROM EQ. 7)

4 6 4 gL’

L add L I 0, = —v'(0) = (positive clockwise) «—
gy = X % Lo, (Z - 5) @ 256EI
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INTEGRATE EQS. (7) AND (8) DEFECTION OF THE BEAM (FROM EQs. 9 anD 10)
3 4 3
qgLx’ gx TqL x ( L) qgx 3 ’ 3
Elv= - C O=x=— 9 = —— (21L° — 64Lx" + 32
VT2 24 256 =y) O V= Toesm )
3 4 3
gLx’ qx* qL’x < L L) < L)
Elv= ——— +C |T=x=2) (10 O0=x=— <
L VR TRT s \y=r=3) 19 4
B.C. 3 Deflection at support A . S (13L* + 256L% — 512Lx° + 256x%)
< PP 12,288E1
v(0) = 0 From Eq. (9): C3 =0 L L
—=Xx=— <«
(5=r=3)
DEFECTION AT POINT B (FROM THE LEFT)
L M E
Substitute x = = into Eq. (9) with C = 0 AXIMUM DEFLECTION (AT THE MIDPOINT E)
4 (From the preceding equation for v.)
35 gL* 4
- _ L 31qL
Elvg = 6144 (1D Smax = —v(?> = 409q6EI (positive downward) <«
B.C. 4 Continuity of deflections at point B
(VB)Right = (VB)Left
From Eqgs. (10) and (11):
gL(L\* q(L\* ql*(L 35qL*
2~ = _ = — =)+ C4 _ _ 71t
24\ 4 48\ 4 48 \ 4 6144
134L*
’ .C4 = - 4
12,288
Problem 9.7-5 A beam ABC has a rigid segment from A to B and a flexible segment Rigid P
with moment of inertia / from B to C (see figure). A concentrated load P acts at point B. & \ v I
Determine the angle of rotation 64 of the rigid segment, the deflection 65 at point B, C
and the maximum deflection &,y,,y. B E i
‘ L | 2L \
H N 3 \
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Solution 9.7-5 Simple beam with a rigid segment

Rigid

FroM A TO B

__383)( (0< <£> 1
YT L sx=3 (1)
383 L
V=" 0=x=—- 2)
L 3
FroMm B 10 C
PL  Px
EW' =M =— — — 3)
3 3
EI'—&—P—XZJrC
14 3 6 1
365
B.C. 1 Atx = L/3, yv=-"2
L
e = 5PL* 3EISg
IR ! L
PLx Px* 5PL* 3EIS
Eh = — — —|— — ——
3 6 54 L
<£< <L> “)
3—)(_
PLx* Px® S5PL%  3Edgx
Elvzi—i—i—i_i_cz
6 18 54 L

—p—

SECTION 9.7 Nonprismatic Beams 761

3

PL
B.C.2v(L)=0 LG = —H + 3EI5p
PLx> Px* 5PL*x  3EIdpx
Elv="—"—-" - "2
6 18 54 L
PL? L
— — + 3EIb —=x=1L 5
54 B <3 X ) ©)

L
B.C.3 Atx = 3 (YB)Lett = (VB)Rign: (Egs. 1 and 5)

_8pL?
729E1

_ s _ 8PL”
L3 243EI

B

04
Substitute for 65 in Eq. (5) and simplify:

P
= ——(7° — 61L% + 81Lx* — 27x°
v 486EI(7 61L°x + 81Lx 7x°)

(g =x= L) (6)
Also,
Vo= L(— 61L% + 162Lx — 81x%)
486EI
(5 =x= L) (7
3

MAXIMUM DEFLECTION
L
v = Ogives x; =5 9—2V5) = 0.5031L

Substitute x; in Eq. (6) and simplify:

__40V5pL
Vmax 6561EI
40V/5PL> PL?
Spax = — =" =0.01363 — —
max = 7 Vmax T 56y py El
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Problem 9.7-6 A simple beam ABC has moment of inertia 1.5/ from A to B and I from P

B to C (see figure). A concentrated load P acts at point B.

Obtain the equations of the deflection curves for both parts of the beam. From the
equations, determine the angles of rotation 6, and 6. at the supports and the deflection

Op at point B.

Solution 9.7-6  Simple beam (nonprismatic)
Use the bending-moment equation (Eq. 9-12a).

DEFLECTION CURVE

BENDING-MOMENT EQUATIONS

B ot
2 )V 3 )

PL  Px L
Eh'=M=——-— |-=x=1L

3 3 3

PLx Px? L
Ev=——-—"—+(C, (T=x=L
3 2 3

INTEGRATE EACH EQUATION

4Px?
Elh' = ‘Tgf + C; 0=x=

W |~

I

B.C. 1 Continuity of slopes at point B

(VB)Let = (V’B)Right
From Egs. (3) and (4):

LY e (0) -2
18\3 7 3\3 6\3 2

11PL?
162

C2:C1_

INTEGRATE E@s. (3) AND (4)

e = cnvc <0< <£>
LY S AT T T3

@)

3

“

®)

(6)

EIv=P7sz—PfX3+C2x+C4 (ESXSL> @)
6 18 3

B.C. 2 Deflection at support A

v(0)=0 From Eq. (6): C=0 €))

B.C. 3 Deflection at support C

v(L) = 0 From Eq. (7): Cy=-— Lﬁ —GL (9

B.C. 4 Continuity of deflections at point B

(VB)Lett = (VB)Right
From Egs. (6), (8), and (7):

4P<L>3 <L> PL(L)2 P(L>3
| = + Cl‘f e _ | =
54\ 3 3 6 \3 18\ 3
L
+'C}(§) + Cy

orL?
= + GL + 3G,

L =
G 243

10)

SOLVE EQs. (5), (8), (9), anDp (10)

38PL? 175PL?
T T 79 €27 T uss =0
_13pL°
1458

SLOPES OF THE BEAM (FROM EQS. 3 AND 4)

2P L
= — = (1912 — 812 ( = s—) 11
7201 19F7 ~ 81¥) (0 =x =7 an
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P ) ) DEFLECTIONS OF THE BEAM
v =— (175L° — 486Lx + 243x%)
1458E1 Substitute C,, C,, Cs, and C, into Egs. (6) and (7):
L 2Px L
—sst) (12) = — 1912 — 2752 (os s—) «—
(3 Y= T 0m *) ¥73
ANGLE OF ROTATION 64 (FROM EQ. 11) v= - 1458EI(_ 1303 + 175L% — 243Lx%> + 81x3)
02 = —v0) = P2 osiive clockwise) < L
=— = ositive clockwise
ATV 72061 PO W (fosL) -
ANGLE OF ROTATION 0 (FROM EQ. 12) L
34PL2 DEFLECTION AT POINT B <x = *>
0c=v'(L) = (positive counterclockwise) <« 3

T29EI

L\ 32rL} .
op=—v|l - |= (positive downward) «—
3/ 2187EI

Problem 9.7-7 The tapered cantilever beam AB shown in the
figure has thin-walled, hollow circular cross sections of constant
thickness t. The diameters at the ends A and B are d, and

dp = 2d,, respectively. Thus, the diameter d and moment of P

inertia / at distance x from the free end are, respectively,
dy
d=— (L +
3 ( X)
wtd® m‘df, 5 Ia 3
[=—= L+xP=-"(L+x
s gp LTO= 504

in which I, is the moment of inertia at end A of the beam.
Determine the equation of the deflection curve and the
deflection 64 at the free end of the beam due to the load P.

Solution 9.7-7 Tapered cantilever beam

1 3 2
M=-Px EN'=-Px I=-40L+x’ erE{L+2x}_3PL
L Ely 2L + x)*]  8El4
w_ _Px _ _Plﬁ[x} 1) or
El  ELl(L + 0’ PLT L } PLT x } 3PL?
y=—= |+ = - )
Ely [2(L + x)* EILL(L + x)* 8EI,
INTEGRATE EQ. (1)
d L+ 2
From Appendix C: / xax ;= x2 INTEGRATE EQ. (2)
L+ x 2(L + x) From Appendix C:
PL[ L+2
s x2}+C1 ax 1
Ely [2(L + x) (L + x)? L+ x
3PL? xdx L
BC 1V(L)=0  ..C =~ = 4 In(L+
! 8EI, /(L+x)2 L+ x n »

e
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PL3(L)( 1 ) PL3{ L
v=""r - +—=
EIL\2 L+x/) EL|IL+x

+In (L + x)}

PLT L ma+w 3)1 +cC 3)
= | n _ —
EL | 2(L + x) AR 2

3
LG = i[l _ (zm}

c2v(L) = =
B.C.2v(L)=0 ElL, |8

—p—

DEFLECTION OF THE BEAM

Substitute C, into Eq. (3).

pL? L 3x 1 (L + x)]
vE=—|———— -+ —+1n

El,|2(L +x) 8L 8 2L

DEFLECTION 84 AT END A OF THE BEAM
3

PL’
By = —w(0) = (82 = 5)
A

PL*
= 0.06815 —— (positive downward) «—
El,

1
Note:In— = —1In2
ote n2 n

Problem 9.7-8 The tapered cantilever beam AB shown in the

figure has a solid circular cross section. The diameters at the ends

A and B are d, and dg = 2d,, respectively. Thus, the diameter d
and moment of inertia [ at distance x from the free end are,
respectively,

dy
d=-"2 0+
3 L+ x)
d* di I
=T T = A
64 64L* L*

in which /4 is the moment of inertia at end A of the beam.
Determine the equation of the deflection curve and the
deflection 64 at the free end of the beam due to the load P.

* | “dJ

Solution 9.7-8 Tapered cantilever beam

Iy .

M= —Px Eh" = —Px I=E(L+X)
Px PLA[  x

Y= - = - (1)
EI Ely | @+ x)*

INTEGRATE EQ. (1)

. N . °/ xdx L +3x
om Prerx : = —
L +x)* 6L+ x)
, PL4[ L+3x }
vV =—""|"—""3 1
Ely 6 L+x)

, PL?
B.C.1v'(L)y=0 LCi= —
12EI,
v,_Lﬁ[ L+3x }_ PL?
ElyleC+x)?°] 12El,
or
, PL4[ L } PL4[ X }
V==
ElpleU+x)*] Elyl2@ +x)®
3 PL? 2
12EI,
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INTEGRATE EQ. (2) PL3 /(7
B.C.2v(L)=0 L Ch=—\
. dx 1 El, \24
From Appendix C: 3= - 3
(L+x) 2(L +x)
DEFLECTION OF THE BEAM
/ xdx  —(L+2x) _ _
(L +x)3 AL +x)2 Substitute C, into Eq. (3)
PLALN 1\ 1 V¥ PL*(1\[ L+2x _rr ALALA3Y) 2)‘}
=—(Z)-= +—z)l-—— V= B > L
6L et R 6 e I e
2
_PL x + C, DEFLECTION 84 AT END A OF THE BEAM
12E1, 3
PL3 12 L(L +2x o, =—v(0) = (positive downward) “—
_ 7{_ - ( 2) _ L} e G 24EI,
El, L 12(L+x)* 4L +x) 12L
Problem 9.7-9 A tapered cantilever beam AB supports a
concentrated load P at the free end (see figure). The cross
sections of the beam are rectangular with constant width b,
depth d, at support A, and depth dz = 3d4/2 at the support.
Thus, the depth d and moment of inertia / at distance x from the P
free end are, respectively, A B o
dy d I 7 s Id
d=_—QL+ AI B="h
2L T 2 R
_Lﬁ_bdg(z[‘_i_ )3_17A(2L+ )3 * ‘ AbL
12 gerd Y T g3 * L ‘
in which I, is the moment of inertia at end A of the beam.
Determine the equation of the deflection curve and the
deflection 64 at the free end of the beam due to the load P.
Solution 9.7-9 Tapered cantilever beam
I 2
M=-Px EN'=-Px [=—-QL+x)’ e 1v'(L) =0 ¢, = 1oL
8L 9EI,
,_ _Px__sPL’ [%} " ,_8PL3[ L+x }_16PL2
EI El, |2L+X) Ely [ QL+ x)? 9EI,
I Eq. (1 o
NTEGRATE EQ. (1) epL3 [ I }4_ 8PL3 [ . }
d 2L +2 v =
From Appendix C: / e 3= x2 El, [ 2L+ x)? Ely LQ2L+x)?
2L+ x) 2(2L + x) 5
/_8PL3{ L+x :|+C - 196£IL )
VoUEL Len+xd] ! A
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DEFLECTION OF THE BEAM

. dx 1 Substitute C, into Eq. (3).
From Appendix C: 5 =~
2L+ x) 2L+x _8pL { 21
dx L VTR 2L+x 9L 9
= +1In(2L + x)
(2L+x)* 2L+x (2L +x>}
+ In «—
_ 8rL’ (_ L ) L 8pL { 2L
"B \2nvx) T EL [2L+x
16PL2 DEFLECTION 6,4 AT END A OF THE BEAM
+ln(2L+x)} - x+C 8pr? 3 7
9EI, 84 = —v(0) = In(=) ——
3 El, 2 18
PL 8L 16x
=— +8InQ2L+x) — — |+ C, 3) pL3
ElL|2L+x 9L = 0.1326—— (positive downward) —
8PL*[ 1 Hla
B.C.2v(L)=0 LG = — {f +ln(3L)} 2 3
El, 19 NortE: In = = —lnE

Problem 9.7-10 A tapered cantilever beam AB supports a concentrated 3
load P at the free end (see figure). The cross sections of the beam are 1,0 =1 3, 10 ) = bd? E i .
rectangular tubes with constant width b and outer tube depth d, at A, and 4 27L 12 5
outer tube depth dg = 3d,/2 at support B. The tube thickness is constant,
t = d/20. 1, is the moment of inertia of the outer tube at end A of the beam. P

If the moment of inertia of the tube is approximated as 1,(x) as —F
defined, find the equation of the deflection curve and the deflection 6, at dy dp =3d,/2
the free end of the beam due to the load P. )

e

Solution 9.7-10

BENDING-MOMENT EQUATIONS

Elv' =M = —Px

" —Px — Px —P X
o= - __r£r__x
El,(x) (3 10x>3 El, (3 10x)3
Ely| =~ +— —t+—
4 27L 4 27L
. X a + 2bx
From Appendix C: Jdx =—— >
(a+bx) 2b“(a + bx)
3 10
—4+2—x
-P 4 “27L
vV=—" ) ) + Cl
Ely <10)<3 10 )
2l — ) [ +—x
27L) \4 27L
., PL? 19683 81L 80x
VvV =— > + ) + C]
Ely 50 [(81L+40x)? (81L+40x)

e
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1 -1

From Appendix C: / — dx = ———
(a+bx) Ka+bx)

X 1 a
72dx =— + In(a + bx)
(a+ bx) b \a+bx

PL? 19683{ —8I1L 80( 81L L +40 ))}rc i
= — — A\ n
V7 EL, 50 |40B1L +40x)  402\8IL +40¢ g s
19683PL3 [ 81L +162In(81L + 40x) L + 80In (81L + 40x)x
V= +(ﬁx4—C§
2000E1, 81L+40x
D=0 €= 3168963 PL?
B.C. = = -
Y "7 7732050 EI,
L=0 G = M(3361+292821 (121L))
Be v = 2 7 29282000E1, n
19683PL° [ 8IL 81 40x 6440x 3361
v(x) = + 2In|—— + — —
2000EI, \81L + 40x 121 121L) 14641L 14641

19683PL> 11 PL3
S = —v(0) = ———————(—2820+14641In( — | | = 0.317 — -
7320500E1, 9 El,

767

**Problem 9.7-11 Repeat Problem 9.7-10 but now use the tapered propped
cantilever tube AB, with guided support at B, shown in the figure which
supports a concentrated load P at the guided end.

Find the equation of the deflection curve and the deflection 6 at the

guided end of the beam due to the load P. v

T
dg=3d,/2

Solution 9.7-11

BENDING-MOMENT EQUATIONS
Eh" = M = Px

., Px Px _ P by
T EL() 3 10x} Ely (3 10x)
a() EUA("+'4‘{> A <47+_ x)
4  27L 4  27L
. X a+2bx
From Appendix C: [ ————dx = ———————
(a+bx) 2b“(a + bx)
3 10
—+2—x
P 4 27L

’

V= +C
El, <10 >2<3 10 )2 !

2 St x

27L 4 27L
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v =

PL? 19683 [ 8I1L 80x }
—— + +C
Ely, 50 [(81L+40x)* (81L+40x)

1 -1
dx =
(a + bx)? 7 a+ by

/ T 1( N Y +b)>
—— = —= a X
(a+ bx)? b>\a+bx

_PL319683[ —81L +80< 8IL

From Appendix C: /

v =

+In(81L + 40x))} +Cx+C,

El, 50 [40(81L +40x) 402\81L+40x
19683PL% [ 81L +162In(81L + 40x)L + 80In(81L + 40x)x
= — + Clx + C2
2000E1, 8I1L+40x
D=0 C 3168963 PL?
B.C. V = =—————
' 732050 El,
L)=0 C 19683PL’ (1+2In(81L))
B.C. = = n
v 2™ 2000EI,
19683PL° [ 8IL 40x 6440¢
v(x) = — +2In| 1 +— ) — -1 «—
2000E14 \81L + 40x 81L 14641L
19683PL° 11 pL?
6g = —v() = 7(—2820+146411n<f>> =0.317— —
7320500E14 9 El,
Problem 9.7-12 A simple beam ACB is constructed with square 4q
cross sections and a double taper (see figure). The depth of the l l l l l l l l l l ‘

beam at the supports is d, and at the midpoint is d- = 2d,. Each
half of the beam has length L. Thus, the depth d and moment of

inertia / at distance x from the left-hand end are, respectively, A B
dy -& g
d=—(L +
L+ )

d* d: 4 Iy 4 !
- - -
2 12 (L+x 2L+ x)

in which I, is the moment of inertia at end A of the beam. (These
equations are valid for x between 0 and L, that is, for the left-hand
half of the beam.)

(a) Obtain equations for the slope and deflection of the
left-hand half of the beam due to the uniform load.

(b) From those equations obtain formulas for the angle of
rotation 6, at support A and the deflection o, at the midpoint.
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Solution 9.7-12  Simple beam with a double taper

L = length of one-half of the beam
Iy
1= E(L+x)4 O=x=1L

(x is measured from the left-hand support A)

Reactions: Ry = Rp = gL
. x? gx’
Bending moment: M = Ryx — By =qLx — >

From Eq. (9-12a):

gx*
Eb" = M = gLx — Y
Lx L2
[ q . o q . (0 =y = L) (1)
EL(L+x)*  2EL(L+ x)

INTEGRATE EQ. (1)

xdx B L +3x
(L +x* 6(L+x)°

x 2dx _ 7L2 + 3Lx + 3x2
/(L +xt 3(L+x)°
,_qLS[_ L+3x }
Y ElL 6(L+x)?

qL4[_L2+3Lx+3x2} c
2Ll 3L+x? !

From Appendix C: /

qL4)c2
T O=x=<1L) (2)
2EL(L+ x)
1 try) v'(L) = 0 LC= o
B.C. 1 (symmetry) v'(L) = b 16El

SLOPE OF THE BEAM

Substitute C; into Eq. (2).

, qL4x 2 qL3
Vv = -
2EL,(L+x)® 16El4
qL3 8Lx>

- 16E1A{1_(L+x)3} O=x=10 ®

—p—

SECTION 9.7 Nonprismatic Beams 769

ANGLE OF ROTATION AT SUPPORT A

gL’

16EL,

0, = —v'(0)= (positive clockwise) «—

INTEGRATE EQ. (3)

2
d L(3L+4
From Appendix C: / a x3 = ( ;C) +1In(L +x)
(L+x) 2(L +x)
gL’ [ 8L*GL+4x)
v =— X —
16EL " 2(L+x)?
—8L1n(L+x)} +C, O=x=1L “4)
c2u0)=0 .. C ar’ (3 +1 L)
B.C. = . = ——\|= n
v 27 ToEn \2

DEFLECTION OF THE BEAM
Substitute C, into Eq. (4) and simplify. (The algebra is
lengthy.)
gL* [(OL? +14Lx + x*)x x
= - 3 —Inl1+—
2El4 8L(L +x)

O=x=1L “«—

DEFLECTION AT THE MIDPOINT C OF THE BEAM

gL qL*
oc= —v(L) =———(B—-41In2) =0.02843—
8EIl, El,

(positive downward) «—
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Strain Energy

The beams described in the problems for Section 9.8 have constant flexural
rigidity EL IRERRN

Problem 9.8-1 A uniformly loaded simple beam AB (see figure) of span 4 ‘
length L and rectangular cross section (b = width, 7 = height) has a max- bl
imum bending stress o y,.x due to the uniform load. |

Determine the strain energy U stored in the beam. L i
Solution 9.8-1 Simple beam with a uniform load
Given: L, b, h, 0« Find: U (strain energy) 16107 pax
Solve for g: g =
2 2
. glx  gx L
Bending moment: M = ET
Substitute ¢ into Eq. (1):
. . ~ L M2dx 2‘] q. (1)
Strain energy (Eq. 9-80a): U = Y _ ]610-rgax L
qz 15 " 15h°E
- bh? 4bhLo
2401 Substitute = ——: U= 22T max —
12 45E
. Mmaxc Mmaxh
Maximum stress: Ox = I = Y
2 2
qL qL°h
M = ? Omax = W
Problem 9.8-2 A simple beam AB of length L supports a concentrated load P P
at the midpoint (see figure). A B
[ -
(a) Evaluate the strain energy of the beam from the bending moment in the beam. g;
(b) Evaluate the strain energy of the beam from the equation of the deflection
curve. ‘
(c) From the strain energy, determine the deflection 6 under the load P. | % % }
Solution 9.8-2 Simple beam with a concentrated load
Px L (b) DEFLECTION CURVE
(a) BENDING MOMENT M =-— (0 =x=—
2 2 From Table G-2, Case 4:
Strain energy (Eq. 9-80a): Lo Px GBI — 4?) (O — = é)
2 - 48E1 2
M<dx P°L )
U=2)) 2m o6 P gy L
0 dx  16EI Y 2E
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Strain energy (Eq. 9-80b):

L/ZEI dzv 2 L2 Px 2
u=2 —\| — ) dx = EI — |dx
o 2 \ax? o \2EI

P2L3
~ 96EI

)

SECTION 9.8 Strain Energy m

(¢c) DEFLECTION 6 UNDER THE LOAD P
From Eq. (9-82a):
_w_ P

P 48EI

Problem 9.8-3 A propped cantilever beam AB of length L, and with guided support

at A, supports a uniform load of intensity g (see figure).

(a) Evaluate the strain energy of the beam from the bending moment in the beam.
(b) Evaluate the strain energy of the beam from the equation of the deflection curve.

Solution 9.8-3
(a) BENDING-MOMENT EQUATIONS

Measure x from end B
2
qx
M= glx — —
4 2
Strain Energy (Eq. 9-80a):
LM2
—dx
o 2EI

L 2\2 275
1 X L
7(@ _ L) PR

o 2EI 2 15EI

(b) DEFLECTION CURVE

U

Measure x from end B

qx

——— (8L —4Lx? + x°
241 ¢ *)

v =

d

—v = —ﬁ(sﬁ —120x7 + 4¢%)
P
Ev = —%(—ZLX +x2)

Strain energy (Eq. 9-80b):

/LEI(d2 >2d
— | — =V X
0 2 dx?

“EIl ¢ NE
U= — | === (2Lx+x°)| dx
b 2| 2EI
275
L
v=9"
15E1

Problem 9.8-4 A simple beam AB of length L is subjected to loads that produce a
symmetric deflection curve with maximum deflection 6 at the midpoint of the span (see

figure).
How much strain energy U is stored in the beam if the deflection curve is
(a) a parabola, and (b) a half wave of a sine curve?

‘5
L]
F 2 T 2
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Solution 9.8-4 Simple beam (symmetric deflection curve)

6 = maximum deflection
at midpoint

Given: L, EI S

Determine the strain energy U.

Assume the deflection v is positive downward.

(a) DEFLECTION CURVE IS A PARABOLA

P

(b) DEFLECTION CURVE IS A SINE CURVE

. TX dv w6 X

v =0 sin— — = —CcoS—

L dx L L
d*v w25 mx
— = ————sin—
dx? 2 L

Strain energy (Eq. 9-80b):

46x dv 46 L 2.\2 L 2a\2
v="r(@L-x) ——=-—>(L-2) y= [ EL(dvY, . _EL[ (7oY. amx
L dx L o 2 \ax2 2 Jo 12 L
v _ 8 7 EIS?
dx2 L2 = 4L3 ~
Strain energy (Eq. 9-80b):
L 2.\2 L 2
El(d EI 80
o= (5 5L2)o
0o 2 \dx 2 Jo L
_ 32EI8?
=75
Problem 9.8-5 A beam ABC with simple supports at A and B and an overhang P
BC supports a concentrated load P at the free end C (see figure). A B Yo
[

(a) Determine the strain energy U stored in the beam due to the load P.

(b) From the strain energy, find the deflection 6, under the load P.

(c) Calculate the numerical values of U and & if the length L is 8 ft, the
overhang length a is 3 ft, the beam is a W 10 X 12 steel wide-flange sec-

tion, and the load P produces a maximum stress of 12,000 psi in the

beam. (Use E = 29 X 10° psi.)

Solution 9.8-5 Simple beam with an overhang

(a) STRAIN ENERGY (use Eq. 9-80a)

From BT1O0 C: M = —Px

Unr = aL(_P )2d _P2a3
B¢ Jo2Ers T 6El

TOTAL STRAIN ENERGY:

2a2
U= UAB +UBC = 67EI (L + ll)

(b) DEFLECTION 6 UNDER THE LOAD P

f——> X
Pax
FrRoMA TOB: M = fT
MZdx L 1 Pax\? PL
Usp = = — dx =
2EI o 2EI L 6EI

&

oc

From Eq. (9-82a):

P 3El a
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SECTION 9.8 Strain Energy 773
(c) CaLcuLaTE U AND 9§, U— P2 (L+ a) _ (rrznaxl(L +a)
Data: L = 8 ft = 96in. a =3 ft = 36 in. 6E1 6¢’E
W10 X 12 E =29 X 10° psi =24lin-lb <
Omax = 12,000 psi _ Pa*(L+a)  opnall+a)
.= =
d 987 3EI 3cE
[=538in* c¢=-=—"—=4935in. ,
2 2 = 0.133 in. «—
Express load P in terms of maximum stress:
Oimax = Me _ Muaxt _ %DDDD S P= Tmax!
1 1 I ac
Problem 9.8-6 A simple beam ACB supporting a uniform load g over y
the first half of the beam and a couple of moment M, at end B is shown in the
figure. a My
Determine the strain energy U stored in the beam due to the load ¢ and l l I l I l
the couple M, acting simultaneously. W j;?x
L L
[ 2 2 |

Solution 9.8-6

FroM A TO MID-SPAN

Bending-Moment Equations

gL M 2
M:<L+J>x,ﬂ
8 L 2

L
/2M2
, 2EI
L
T 0/3qL Mg\ 7
Y P
, 26\ 8 L 2
= 3L %+ 30qL°M +8()A/12>
t 3840E1< g+ 30aL Mo 0

FroM MID-SPAN TO B
Bending-Moment Equations

gL M
M = <i+f0)x
8 L

STRAIN ENERGY (EQ. 9-804):

L pm? Ly r/3qL M,
U2 = 761’)6: o — + — |x
| 2EI ;. 2EIL\ 8 L
) 2
L L\ 1?
)
U, = Lg%+ 32gL*M, +448M2>
2 3072151( 1 = o 0

STRAIN ENERGY OF THE ENTIRE BEAM

L
lﬂ 2
15360E1( 1

+280gL*M,, + 2560M3) —

U=U,+U, =
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Problem 9.8-7 The frame shown in the figure consists of a beam ACB
supported by a struct CD. The beam has length 2L and is continuous

through joint C. A concentrated load P acts at the free end B.

Determine the vertical deflection &z at point B due to the load P.

Note: Let EI denote the flexural rigidity of the beam, and let EA denote

the axial rigidity of the strut. Disregard axial and shearing effects in the L
beam, and disregard any bending effects in the strut.
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Solution 9.8-7 Frame with beam and strut
BeEam ACB

—X
A! < B
L L |
o SASXS) %
A ' P
é RA =-pP
For part AC of the beam: M = —
M?dx P23
Uy = —Px)2dx =
ac /ZEI 2EI/( Ve =
For part CB of the beam: Ugg = Uyc = 6El
Entire b iy =Uy + U = @
ntire oeam: Uggam = Uac cB = AE]I
Sruct CD
JZP
C
2P

Lcp = length of strut

= V2L
F = axial force in strut
=2V2P
F’L¢p
Uk = — Eq. 2-37
STRUT 2EA (Eq a)
v _@V2P(V2L)  4V2PL
STRUT 2EA EA
P23
F U = Uggam + U =—
RAME BEAM STRUT 3E]

DEFLECTION &3 AT POINT B
From Eq. (9-82a):
2U  2PL*  8V2PL
Spg=— = +
P 3El EA

4N2P%L
+ J—

EA
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Castigliano’s Theorem
Mo
The beams described in the problems for Section 9.9 have constant flexural m B
rigidity EI [ |
Problem 9.9-1 A simple beam AB of length L is loaded at the left-hand end é
by a couple of moment M, (see figure). ‘ ‘
Determine the angle of rotation 6, at support A. (Obtain the solution by ‘ L |
determining the strain energy of the beam and then using Castigliano’s theorem.)
Solution 9.9-1 Simple beam with couple M,
M, STRAIN ENERGY
Y
{’f}» U M’dx _ Mj L(l x)zdx_M(z)L
2EI 2EI Jo L 6EI
L
L CASTIGLIANO’S THEOREM
M 0 du  MyL (clockwise) -
=——=——(clockwise
Ry = TO (downward) AT aMm, ~ 3EI
M (This result agrees with Case 7, Table G-2)
M:MO—RAX:MO—TOX
X
~nf1-3)
Problem 9.9-2 The simple beam shown in the figure supports a concentrated P
load P acting at distance a from the left-hand support and distance b from the A D B
right-hand support. L |
Determine the deflection 65, at point D where the load is applied. (Obtain é
the solution by determining the strain energy of the beam and then using
Castigliano’s theorem.) a ‘ b ﬂ
L |
Solution 9.9-2 Simple beam with load P
|7 Mup = Ryx = 228
A a v b B AD = faX =
[ S R
D £\ Pax
i \‘ MDB = RB)C = T
o e
I L I M?dx
STRAIN ENERGY U =
2EI
Pb Pa U 1 /a<Pbx)2d P%a’b?
= = =— — | dx =
Ry=7 Ry =~ AD TRy \ L 6EIL?
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1 b/ pax\2 P24%3 CASTIGLIANO’S THEOREM
UDB = 7/ (7) dx = > dU P 2b2
2EIJy \ L 6EIL op =0 =4 (downward)
P02 dpP 3LEI
U= Uyp + Upg =
AD DB 6LEI
Problem 9.9-3 An overhanging beam ABC supports a concentrated load P at
the end of the overhang (see figure). Span AB has length L and the overhang has A
length a. E
Determine the deflection d¢ at the end of the overhang. (Obtain the &

solution by determining the strain energy of the beam and then using
Castigliano’s theorem.) ‘ L

Solution 9.9-3 Overhanging beam

M?dx

STRAIN ENERGY U =
2EI

e -
— 2EI J, L GEI
| L 1 [ ) P?d?
Ueg = — [ (—Px)%dx =
Py " 2EI A (PO =
Ry = T (downward) P22
U:UAB+UCB: 7(L+(1)
Pax 6EI
Mpp = —Ryx = ==~
CASTIGLIANO’S THEOREM
MCB = —Px
se= W _PCh L @ d)
=——=— ownwar
¢~ ap e
Problem 9.9-4 The cantilever beam shown in the figure supports a triangularly q0

distributed load of maximum intensity go.
Determine the deflection &5 at the free end B. (Obtain the solution by
determining the strain energy of the beam and then using Castigliano’s theorem.)
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Solution 9.9-4 Cantilever beam with triangular load

—p—

SECTION 9.9 Castigliano’s Theorem 777

CASTIGLIANO’S THEOREM

_ U _PL L all?

P oy = — = d d
| 5= %p ~ 3p1 30m OV
q ¥ ¥y Free )
}A B (This result agrees with Cases 1 and 8 of Table G-1.)
| X «— 4
| L Ser P = 0: 55 = 2F
= B 30Er1
P = fictitious load corresponding to deflection 65
3
M= —py— 1
6L
STRAIN ENERGY
M2dx 1 ([* )2
U= L <—Px . e dx
2EI  2EI ), 6L
B L Pal” 4o
6FE] 30E1 42E1
Problem 9.9-5 A simple beam ACB supports a uniform load of intensity ¢ on q

the left-hand half of the span (see figure).

Determine the angle of rotation 6 at support B. (Obtain the solution by using 4 1 1 1 I 1 c

the modified form of Castigliano’s theorem.)

. B

A

Solution 9.9-5 Simple beam with partial uniform load

M, = fictitious load corresponding to angle
of rotation Oy

3gL M, L M
O SRSt

BENDING MOMENT AND PARTIAL DERIVATIVE FOR
SEGMENT AC

2 2
gx 3gL MO) qx
M =R - = — — _ =
Ac T Rat = ( s L 2
0=x=—
2
Mac _ x
oM, L

BENDING MOMENT AND PARTIAL DERIVATIVE FOR
SEGMENT CB
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oM X SET FICTITIOUS LOAD M{, EQUAL TO ZERO
oM, L 1 [ 3gLx qu X
0 = — — = — | = Jax
EI Jy 8 2 L
MobIFIED CASTIGLIANO’S THEOREM (EQ. 9-88) . 1 L2 <q Lx) (1 x)d
— — — — )dx
o ) 2k (s
El)\ oM, - qL3 qL3
1 U2[<3qL Mo) qxz][x} p 128E1 ~ 96EI
=— =t | x = || 5 | dx
EI Jo 8 L 2 JILL 7qL3 .
= 284E] (counterclockwise) «—
LY b U A R
El J, ] L) 0 L1 (This result agrees with Case 2, Table G-2.)
Problem 9.9-6 A cantilever beam ACB supports two concentrated loads Py Py
Py and P», as shown in the figure. A C v
Determine the deflections 6. and 65 at points C and B, respectively. B
(Obtain the solution by using the modified form of Castigliano’s theorem.)
L L
2 ! 2
Solution 9.9-6 Cantilever beam with loads P, and P,
1P P, MoDIFIED CASTIGLIANO’S THEOREM FOR DEFLECTION 0 ¢
|
1A v C 3
T = B 5 1 L/Z(M )(aMCB)d
=— x
— é + é ST Er)y P\ ap
Xy L
+ = / (MAC)(AC)dx
BENDING MOMENT AND PARTIAL DERIVATIVES El Jin P
FOR SEGMENT CB L
1 L L
L =0+ — —Plx——Z | —Px|| - — x)dx
Mcp= —hx (0=x=- El Jin 2 2
3
Mcp _  Mceg - QP +5p) <
oP, oP, 48EI
BENDING MOMENT AND PARTIAL DERIVATIVES FOR MODIFIED CASTIGLIANO’S THEOREM FOR DEFLECTION &
SEGMENT AC 5
5 M )(aMCB)d
L L = ., Jax
Myc = —Pl(x - 5) — Px (E =x= L> B EI 0 B P,
L
1 oM
Mac _ L _  OMac _ + & / (MAC)(?AC)dx
P 2 P, L2 2
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L2 P2L3 L3
-~ (=Px (- =2 = (5P, + 14P
g f, (TP (70 2agr * agE ON 2
L 3
1 L - =
+ — [—P1<x - 7) - sz}(—x)dx T 48EI (5P + 16F) -
El Jip 2

(These results can be verified with the aid of Cases 4
and 5, Table G-1.)

Problem 9.9-7 The cantilever beam ACB shown in the figure is subjected to 4q

a uniform load of intensity g acting between points A and C. A c B

Determine the angle of rotation 6, at the free end A. (Obtain the solution
by using the modified form of Castigliano’s theorem.) ‘

Solution 9.9-7 Cantilever beam with partial uniform load

q MobIrFiED CASTIGLIANO’S THEOREM (EQ. 9-88)

Ll M\/[ oM
ngen o ()
. EI)\ oM,
L L L2 2
= = 1 X
2 T2 | =— (—Mo - q—)(— 1)dx
El Jy 2
M, = fictitious load corresponding to the angle L
. 1 gL L
of rotation 6,4 + — My — —|x——|(—1dx
El J;p 2 4
BENDING MOMENT AND PARTIAL DERIVATIVE FOR
SEGMENT AC SET FICTITIOUS LOAD M EQUAL TO ZERO
2
_ 9x L 1 [ g 1 (" (qL L
Mac = —Mo = - <0Sx55) 04 = — o+ — (q—)<x——)dx
EI J, 2 EI Jip\ 2 4
Mac _ gl N gL
Mo  48EI  8EI
BENDING MOMENT AND PARTIAL DERIVATIVE FOR 7‘]L3 .
= —— (counterclockwise) «—
SEGMENT CB 48EI
Moo = — Mo — % _ £ é -r=] (This result can be verified with the aid of Case 3,
CB = N == Table G-1.)
oMcp _ 1
oMy
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Problem 9.9-8 The frame ABC supports a concentrated load P at point C (see figure). ‘«— b —ﬂ
Members AB and BC have lengths i and b, respectively. B c
Determine the vertical deflection & and angle of rotation 6 at end C of the frame. (
(Obtain the solution by using the modified form of Castigliano’s theorem.) vp
h
A
Solution 9.9-8 Frame with concentrated load
b MoDIFIED CASTIGLIANO’S THEOREM FOR DEFLECTION 0 ¢
B C
[ s )Mo 6 = (ﬂ) (%)dx
x— ¢ EI)\ oP
¥ P

1" 1 /?
== A (P + Mo)®) dx + — A (Px + Mo)(x) dx

h
Set My = 0:
i RN 1,
Al | SC—EI/OPbdx-I-EI/Odex
Pb*
P = concentrated load acting at point C ~ 3E (Bh + b) (downward) -

(corresponding to the deflection 6)
M, = fictitious moment corresponding to the

. MobIFIED CASTIGLIANO’S THEOREM FOR ANGLE OF
angle of rotation 0.

ROTATION 0 ¢

BENDING MOMENT AND PARTIAL DERIVATIVES FOR 9, = < M )( oM > dx
MEMBER AB ¢ El/J\ oM,
Muyp=Pb+ My (O0=x=h) 1t 1t
M pp _ oM 4p _ = EA (Pb + My)(1)dx + EA (Px + My)(1) dx
P M,
Set My = 0:

BENDING MOMENT AND PARTIAL DERIVATIVES FOR 1t 1/
MEMBER BC 0c=—[ Pbdx + — | Pxdx

EI Jo EI Jo
Mpgc=Px+ My (0O=x=0D>D)

Pb
IMpc _ Mpc _ = ——(h+b) (clockwise) <«

- - 2EI

X
oP oM,
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Problem 9.9-9 A simple beam ABCDE supports a uniform load of q
intensity ¢ (see figure). The moment of inertia in the central part of the ’ l l l l l l l l l l ‘
C

beam (BCD) is twice the moment of inertia in the end parts (AB and DE).
Find the deflection 6. at the midpoint C of the beam. (Obtain the

solution by using the modified form of Castigliano’s theorem.)
1 2] 1

Solution 9.9-9 Nonprismatic beam

p MobIFIED CASTIGLIANO’S THEOREM (EQ. 9-88)

N

Integrate from A to C and multiply by 2.

M oM
se=2 [ () (5
EI oP
@] (55 +5)0)
=2(— | S
El) J, 2 2 2 )\2
L2 2
Lx
H(L) (L,£+E)<£)dx
2E1) Jiu \ 2 2 2 )\2

SET FICTITIOUS LOAD P EQUAL TO ZERO

G
-
IR
p—

S a—
pr—
—
Fra—
Fro—
o

P = fictitivous load corresponding to the deflection 8¢
at the midpoint

L P L4
RA:qi+f 2 <qu qx2)<x>
2 2 6c=— — = — | = )dx
EI Jo 2 2 2
1 2/ alx 2
BENDING MOMENT AND PARTIAL DERIVATIVE FOR THE = (‘1 _ ﬂ) (f) dx
LEFT-HAND HALF OF THE BEAM (A TO C) EI J1)4 2 2 2
Lx x2 P L 4 4
PR o Y (03)657 _ gt 64
2 2 2 2 6,144EI  12,288EI
=5 (0=x=7 b= 0= Q)
oP 2 2 € = 1096E1 (downward)

Problem 9.9-10 An overhanging beam ABC is subjected to a couple M, ("
My A

at the free end (see figure). The lengths of the overhang and the main span B C
are a and L, respectively. = =/

Determine the angle of rotation 6, and deflection 8, at end A. (Obtain the é
solution by using the modified form of Castigliano’s theorem.) ‘ ‘
a— L \
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Solution 9.9-10 Overhanging beam ABC

M, = couple acting at the free end A (corresponding to

the angle of rotation 6,)
P = fictitious load corresponding to the deflection &,

BENDING MOMENT AND PARTIAL DERIVATIVES
FOR SEGMENT AB

MAB: _MA_PX (OSXSG)
Map _ Map _
oM, P

- X

BENDING MOMENT AND PARTIAL DERIVATIVES

—p—

Set P = 0:

1 a4 1 L MAX
GA:f MAdX‘i‘i ——
EI J, ElJ, \ L

My

o)

—— (L + 3a) (counterclockwise)

T 3E

1 a
= EA(—MA — Px)(—x)dx

s <_M B f;)(
El J, L L

ax
f>dx
L

MOoDIFIED CASTIGLIANO’S THEOREM FOR DEFLECTION BA

- [

Set P = 0:
FOR SEGMENT BC
M P a L
Reaction at support C: R¢c = TA + Ta (downward) S, = 1 M yxdx + 1 (@) (@) dx
EI Jy EI Jo L L
Max  Pax
MBC:—RCx:—L _T (OSXSL) M.a
= 7A(2L + 3a) (downward) «—

oMpc  x 0Mpc  ax 6ET
oM, L o L
MobIFIED CASTIGLIANO’S THEOREM FOR ANGLE OF
ROTATION 0 4

(5)Gn)
GA = — — |dx

EI)\ M4
1 a
=— [ (—My — Px)(—1Dd
7l A (=M — Px)(—1)dx
L
1 Muyx P
EI Jy L L L
Problem 9.9-11  An overhanging beam ABC rests on a simple support at A and P
a spring support at B (see figure). A concentrated load P acts at the end of the B

overhang. Span AB has length L, the overhang has length a, and the spring Ap

has stiffness k.

the solution by using the modified form of Castigliano’s theorem.)

Determine the downward displacement & of the end of the overhang. (Obtain
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Solution 9.9-11  Beam with spring support

Pa
RA:T

(downward)

P
Rp = Z(L + a) (upward)

BENDING MOMENT AND PARTIAL DERIVATIVE FOR
SEGMENT AB
Pax dM g ax
Mpap = —Rpx = ——— =
L dP L

O=x=1L)

BENDING MOMENT AND PARTIAL DERIVATIVE FOR
SEGMENT BC

dMBC _
aP

Mpc = —Px —x 0O=x=a)
STRAIN ENERGY OF THE SPRING (EQ. 2-38a)
Ry PAL + a)
STk k2

STRAIN ENERGY OF THE BEAM (EQ. 9-80a)
M?dx
2EI

lp =

—p—

SECTION 9.9 Castigliano’s Theorem

ToOTAL STRAIN ENERGY U

M2dx  PXL + a)
U = UB + US = +

2EI 2kL?

AprpLY CASTIGLIANO’S THEOREM (EQ. 9-87)

54U _d Mzdx+d{P2(L+a)2}
€ dp  ap) 2E1 4P| w2
_d [Mdx P+ a)?
4P| 2EI kL2

DIFFERENTIATE UNDER THE INTEGRAL SIGN (MODIFIED

CASTIGLIANO’S THEOREM)
P(L + a)

M 17).74
Oc = — ) — + —
¢ / (EI)(dP)dx kL2
1 L( @)( @)d
El)y \ L L)

1 [ P(L + a)?
+— [ (=PO)(—x)dx + ———
EI J, kL?
_PiL  Pa®  PUL+aP
- 3El  3EI k12
_ Pa*(L + a) N P(L + a)*
-~ 3El k2

C

783

Problem 9.9-12 A symmetric beam ABCD with overhangs at both ends
supports a uniform load of intensity g (see figure).

Determine the deflection & at the end of the overhang. (Obtain the
solution by using the modified form of Castigliano’s theorem.)
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Solution 9.9-12 Beam with overhangs

qx2 L
SEGMENT CD M ¢p = —T—Px OSXSZ
= —x
‘ P
I }“"x X< MobIFIED CASTIGLIANO’S THEOREM FOR DEFLECTION 6
$RB $Rc 5 — /(M)(éM)d
D = — )\ = Jdx
. . . EI)\ oP
q = intensity of uniform load
P = fictitious load corresponding to the deflection &, _ 1 L/4<_ ﬂz ) (0)dx
L EI Jy 2
1 length of segments AB and CD
1 (' ¢ L\* [(3qL P
L = length of span BC +Eo —5x+z + 4 )
R 3gL P R 3qL 4 5P L 5
BT T, T4 cCT 4 T4 1 X
4 4 4 4 X [—f]dx + 7/ (—L - Px)(—x)dx
4 El Jo 2
BENDING MOMENTS AND PARTIAL DERIVATIVES SETP = 0:
SEGMENT AB
2 M L 5p = L[ q( +L>2+3qL M x}dx
qx AB D= —H\x T X T
Myp= —— —— =0 (0=x=— EI 2 4 4 4
AB 2 P ( ! 4) 0
. 1 L/4< g 2)( y
— —— |(—x)dx
SEGMENT BC El )y 2
o= ~lols + DY (s + £)] + =
BCT TIA\X T I\ T g BY B 5qL* N gL* B 37qL*
q . L 2 3gL P 768EI  2048EIl 6144E1
2 * 4 4 4 . (Minus means the deflection is opposite in direction to
O=x=1) the fictitious loa;d P.)
37qL
Mpc _ _x Co6p = 614‘11EI (upward) —
oP 4
Deflections Produced by Impact
w
The beams described in the problems for Section 9.10 have constant D lh

[fexural rigidity EI. Disregard the weights of the beams themselves, AL — —=
and consider only the effects of the given loads. !

Problem 9.10-1 A heavy object of weight W is dropped onto the midpoint of a ‘
simple beam AB from a height 4 (see figure). | > | 3 |
Obtain a formula for the maximum bending stress o, due to the falling weight
in terms of &, o, and &y, where o is the maximum bending stressand 8 is the deflec-
tion at the midpoint when the weight W acts on the beam as a statically applied load.
Plot a graph of the ratio o, /0 (that is, the ratio of the dynamic stress
to the static stress) versus the ratio h/8,. (Let h/8 vary from O to 10.)
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Solution 9.10-1 Weight W dropping onto a simple beam

Maximum DEFLECTION (EQ. 9-94) h o
e max
6max = 85[ + (6§t + 2'//l65t)1/2 Sst Ot
MAXIMUM BENDING STRESS 0 2.00
2.5 3.45
For a linearly elastic beam, the bending stress o is 50 4.33
proportional to the deflection & 75 5.00
o B 2n\'2 10.0 5.58
O i
Ot st st
2\ NorE: 8 —W—LSf imple b ith a load at th
(Tmax:osl[l n <1 +7) } - OTE: s = 18E] or a simple beam with a load at the
st midpoint.
GRAPH OF RATIO O p,x/0 g
6 -
(Tmax 4 N
Tst
2 —
O T T T T
2.5 5.0 7.5 10.0
h
SQY
Problem 9.10-2 An object of weight W is dropped onto the midpoint of a Wi
simple beam AB from a height % (see figure). The beam has a rectangular cross |
section of area A. i i
Assuming that 4 is very large compared to the deflection of the beam when '
the weight W is applied statically, obtain a formula for the maximum bending i
Stress Omax in the beam due to the falling weight. Al !

o~
o~
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Solution 9.10-2 Weight W dropping onto a simple beam

—p—

Height % is very large. M WL w22
Ot = ¢ = o st = 2
9-95 s N 165
MaximMuM DEFLECTION (EQ. 9-
( ) s - WL o 3WEI o

Omax = V2h8y U A8EI Sy S2L

MAXIMUM BENDING STRESS For a RECTANGULAR BEAM (with b, depth d):

For a linearly elastic beam, the bending stress o is 3 2

. . bd bd 1 3 3
proportional to the deflection o. [=—— S=— —=—== 3)
12 6 S2 bd A
., T _ S [2h Substitute (2) and (3) into (1)
— T TAls ubstitute (2) an into (1):
Ot Ot By
_ |18WhE
2h0—3t Omax — AL <~
Tmax =4/ 5 )]
st

Problem 9.10-3 A cantilever beam AB of length L = 6 ft is W=15001b
constructed of a W 8 X 21 wide-flange section (see figure). A
weight W = 1500 Ib falls through a height # = 0.25 in. onto W8 X 21 =025 in

the end of the beam.

Calculate the maximum deflection 8,,,, of the end of the beam

and the maximum bending stress 0, due to the falling weight.
(Assume E = 30 X 10° psi.)

i
"
<—L=6ft—4

Solution 9.10-3 Cantilever beam

Dara: L = 6 ft = 72 in. W = 1500 1b
h=025in.  E =30 X 10° psi
W8 X 21 I=753in* §=182in>

Maximum DEFLECTION (EQ. 9-94)

Equation (9-94) may be used for any linearly elastic struc-
ture by substituting 8, = W/k, where k is the stiffness of
the particular structure being considered. For instance:
Simple beam with load at midpoint:

48E1

k=—5
L

. . 3EI
Cantilever beam with load at the free end: k = ?
For the cantilever beam in this problem:
5 _ wL? (1500 1b)(72 in.)’

7 3EI - 3(30 % 109 psi)(75.3 in.%)
= 0.08261 in.

Equation (9-94):
Smax = Oy + (8% + 2h5)"? = 0.302 in. —

MAXIMUM BENDING STRESS

Consider a cantilever beam with load P at the free end:

My PL PL?
e
O s 3 EI
Ratio: —2% = s
Omax  SL
_ 3EI ,
. Opax = @Smax = 21,700 psi «—
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Problem 9.10-4 A weight W = 20 kN falls through a 4 |k
height 2 = 1.0 mm onto the midpoint of a simple beam of D — 3
length L = 3 m (see figure). The beam is made of wood with square [ T
cross section (dimension d on each side) and E = 12 GPa.
If the allowable bending stress in the wood is 00w, = 10 MPa, what
is the minimum required dimension d? \

N[~

L |
2 |

Solution 9.10-4 Simple beam with falling weight W

DaTA: W = 20 kN h=1.0mm L=30m SuUBSTITUTE (2) AND (3) INTO EQ. (1)

3 4N\ 12
E=12GPa 0wy = 10 MPa 20mad” _ (1 , 8hEd )
3WL wL3

CROSS SECTION OF BEAM (SQUARE)
. . . SUBSTITUTE NUMERICAL VALUES:
d = dimension of each side

2(10 MPa)d? 8(1.0 mm)(12 GPa)d* |12
d4 d3 —_— =1 + 3
I= I S = o 3(20 kN)(3.0 m) (20 kN)(3.0 m)
1000 5, [1 N 1600d4}”2 d fors)
— - = — = mefters
Maximum DEFLECTION (EQ. 9-94) 9 9

— 2 172
amax - 88[ + (6 st + 2h85t)
SQUARE BOTH SIDES, REARRANGE, AND SIMPLIFY

MAXIMUM BENDING STRESS (10()0)2413 1600d 2000 0
For a linearly elastic beam, the bending stress o is 9 9 9
proportional to the deflection &. 2500d° — 36d — 45 =0 (d = meters)
s o\ 12
'.@=ﬂ=1+(1+—) )
oy 8y Sy SOLVE NUMERICALLY

d = 0.2804 m = 280.4 mm

STATIC TERMS O, AND & ..
st st For minimum value, round upward.

M WL\( 6 3WL .,
Tu= o= <T>(E) :Tﬁ 2) J.od =281 mm <«
s - wL? WL3(12)_ wL? 3
' 48EI 48E\4*) 4Ed*
W =4000 1b
Problem 9.10-5 A weight W = 4000 1b falls through a
height 4 = 0.5 in. onto the midpoint of a simple beam of D h=0.5in.
length L = 10 ft (see figure). i
Assuming that the allowable bending stress in the beam is A l f 1 B

Gatiow = 18,000 psi and E = 30 X 10° psi, select the lightest ;
wide-flange beam listed in Table E-1a in Appendix E that will be é

satisfactory. ‘
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Solution 9.10-5 Simple beam of wide-flange shape
Data: W = 4000 Ib h=0.5i1n.
L =10ft=120in.

Tallow — 18>000 pSI E =30 X 106 pSl

MaxiMuM DEFLECTION (EQ. 9-94)

—p—

REQUIRED SECTION MODULUS

WL 96hEI'\
S = 1+(1+ ;
4’a'allow WL

SUBSTITUTE NUMERICAL VALUES

s " 20, 4 sr\'"?
Omax = Og T (85 + 2hd) S = ?ln" I+{1+ ﬂ “)
s 12
or T =1+ (1 + Lh) (S = in3; 1= in%
o Oy
PROCEDURE
MAXIMUM BENDING STRESS
. . . . 1. Select a trial beam from Table E-1a.
For a h%’eaﬂy clastic beam, the bending stress o is 2. Substitute 7 into Eq. (4) and calculate required S.
proportional to the deflection 5. 3. Compare with actual S for the beam.
) 2h\ 12 4. Continue until the lightest beam is found.
. O'max: male_,’_(l_’_i) 1) g
Ot Sy Syt
STATIC TERMS O AND & Trial Actual Required
st st beam I S S
_M_wL _w
Tst T ¢ T 4 STy} W8 X35 127 31.2 41.6 (NG)
W10 X 45 248 49.1 55.0 (NG)
Tmax _ ( 48 ) _ 4o anowS ) W 10 X 60 341 66.7 63.3 (OK)
Oy T\ wL WL W 12 X 50 394 64.7 67.4 (NG)
2h 2h(48E1> _ 96hEI ) W 14 X 53 541 77.8 77.8 (OK)
S w3 w3 W 16 X 31 375 47.2 66.0 (NG)
Lightest beam is W 14 X 53 «—
SuBSTITUTE (2) AND (3) INTO EQ. (1):
4 S 12
O allow' -1+ (1 " 96hEI>
WL wL?
Problem 9.10-6 An overhanging beam ABC of rectangular 20 W
cross section has the dimensions shown in the figure. A weight mm ! i h
W = 750 N drops onto end C of the beam. AE —=
If the allowable normal stress in bending is 45 MPa, &B t c 40 mm
what is the maximum height 4 from which the weight may b

be dropped? (Assume E = 12 GPa.)

#1.2m 24m | 500 mm{T
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Solution 9.10-6  Overhanging beam

Dara: W="750N Lig=12m. Lgc=24m
E=12GPa 0w = 45 MPa
bd® 1
I = — = —(500 mm)(40 mm)>
12 12
= 2.6667 X 10® mm*
=2.6667 X 10" m*
bd> 1
S = = 8(500 mm)(40 mm)?

133.33 X 10° mm?
13333 X 10 °m°

DEFLECTION SC AT THE END OF THE OVERHANG

B Ci

P =load atend C
L = length of span AB
a = length of overhang BC
From the answer to Prob. 9.8-5 or Prob. 9.9-3:
Paz(L + a)
c= Aggggyggf

. 3EI
Stiffness of the beam: k = —

= 1
oc a2(L+a) W

MaxiMuM DEFLECTION (EQ. 9-94)

Equation (9-94) may be used for any linearly elastic
structure by substituting 6, = W/k, where £ is the stiffness
of the particular structure being considered. For instance:

48EI

Simple beam with load at midpoint: k = 3

3
Cantilever beam with load at free end: k = ? Etc.

For the overhanging beam in this problem (see Eq. 1):
W Wa'(L + a)

= 3EI (@)

—p—

SECTION 9.10 Deflections Produced by Impact 789

in which a = Lgzcand L = Lyg:
_ Wa)(Lap + Lpo)
3El
EquaTioN (9-94):
Smax = 8st + (8% + 2h8,)"?

Oy 3

or

8 2]’1 12
;“‘”‘_1+(1+6> “)

st st

MAXIMUM BENDING STRESS

For a linearly elastic beam, the bending stress o is
proportional to the deflection &.

) S 172
._@:ﬂ:H(H%) )

Ot Ot st

= (6)

MAXIMUM HEIGHT h
Solve Eq. (5) for h:
@_ 1 :(1 +2h>1/2

Ot

(Umax)2 _ 2(0-max) + l — 1 + %

Ot Ot Ost

h — %(amax)(amax _ 2) (7)
2\ oy Ost

Substitute 8 from Eq. (3), oy from Eq. (6), and

Tallow for O max-

h= W(L%?C)(LAB + LBC)/O'allowS>(0'allowS . 2) ®)
6EI \ WLge /\ WLge

SUBSTITUTE NUMERICAL VALUES INTO EQ. (8):
W(LE)(Lag + Lpc)

= 0.08100 m
6EI
WS10
Tallow? _ 1V _ 33333
WLpe 3
10\/ 10
h = (0.08100 m)(?><? - 2) =036m
or h = 360 mm «—

e



09Ch09.gxd 9/27/08 1:37 PM Page 790 $

790 CHAPTER 9 Deflections of Beams

Problem 9.10-7 A heavy flywheel rotates at an angular speed w w ‘/_\

(radians per second) around an axle (see figure). The axle is rigidly El I~

attached to the end of a simply supported beam of flexural rigidity EI é ~ 4

and length L (see figure). The flywheel has mass moment of inertia 7, & RN

about its axis of rotation. N %
If the flywheel suddenly freezes to the axle, what will be the T \\‘“’/

reaction R at support A of the beam? R + L |

Solution 9.10-7 Rotating flywheel

Norte: We will disregard the mass of the beam and all CONSERVATION OF ENERGY
energy losses due to the sudden stopping of the rotating 1 R2I3
flywheel. Assume that all of the kinetic energy of the KE = U flmvz =—
flywheel is transformed into strain energy of the beam. 2 6El
R |3E IV
KINETIC ENERGY OF ROTATING FLYWHEEL - 13
KE = 1.5 Norte: The moment of inertia ,, has units of kg - m* or
- m® 2
2 N:-m-s
M?3dx
STRAIN ENERGY OF BEAM U=
2EI
M = Rx, where x is measured from support A.
L 273
1 R°L
U=—[ [R0)%dx=—-
2El A (Rodx =~
Temperature Effects
The beams described in the problems for Section 9.11 have constant flexural Yy
rigidity EI. In every problem, the temperature varies linearly between the A T, lh B
T,
Problem 9.11-1 A simple beam AB of length L and height

undergoes a temperature change such that the bottom of the ‘
beam is at temperature 7, and the top of the beam is at
temperature T (see figure).

Determine the equation of the deflection curve of the beam,
the angle of rotation 6, at the left-hand support, and the
deflection 8, at the midpoint.

top and bottom of the beam. L T j; X
\
|
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SECTION 9.11 Temperature Effects 791
Solution 9.11-1  Simple beam with temperature differential
. dv ol - T) ,_ _a(b—T)(L—2x)
Eq. (9—147). v = E = T 2%
dv _a(f Tpx o eLB-T)
=—=——4C fr= —v'(0)=——"
dx h ! 2h
( L) (positive 0, is clockwise rotation)
B.C. I (Symmetry) v'{ — ] =0
Gymmety) vy 5 (L) aX(Ty — T)
x= Vo |=—7"FT"—""—
oo QLB =T - 2 8h
-t 2h (positive 8, is downward deflection)
L — TH)x*>  al(B — T
_ah — T)x"  al(h 1)X+C2
2h 2h
B.c.2v(0) =0 LCy=0
b= ol — ()@ — x)
2h
(positive v is upward deflection)
Problem 9.11-2 A cantilever beam AB of length L and height & (see figure) is y
subjected to a temperature change such that the temperature at the top is 7, and
at the bottom is 7. A T ih B
Determine the equation of the deflection curve of the beam, the angle of T T _] X
rotation 0 at end B, and the deflection 65 at end B. 2
L

Solution 9.11-2 Cantilever beam with temperature differential
dv ol — 1)

Eq. (9-147):v" = — = B.c.2v(0) =0 C,=0
dx? h 2
_a(B — T
v _oBoh) o) Vo 2h
dx h o .
(positive v is upward deflection)
B.c. 1 7' (0)=0 LCi=0 _ al®B-T)
,_aB-T) Op=vil)=—" —
yV=—x
h (positive Op is counterclockwise rotation)
ol — ﬂ)(x2> alX(T — Th)
=—| =]+ C ép=v(L) =
v n 2 2 p = vl) 2h

(positive 8 is upward deflection)
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792 CHAPTER 9 Deflections of Beams

Problem 9.11-3  An overhanging beam ABC of height 4 has a guided y
support at A and a roller at B. The beam is heated to a temperature 7', on
the top and 7, on the bottom (see figure). A T ih B T. C
Determine the equation of the deflection curve of the beam, the angle E:l ! ! —_ x
of rotation 6. at end C, and the deflection 6. at end C. T, T é T,
L —a H‘

Solution 9.11-3
d> ol - Ty

a(Ty, — THIL + a)® — [?]

V=—y=—"" = =
dx2 h BC V(L + a) )
LI LI _a(Ty — THQLa + a?)
h 2h
a(Ty — T)x?
L= ( 22h 1) FCx+ G Upward
-, _a(B-T)(L+a)
BC.V0)=0 C; =0 Oc=v'lta)=—""=—""
a(Ty, — T)L? ~
B.C. W(L) =0 C,= _of - L7 Counter Clockwise
2h
()_mn—rmﬂ—L%
v(x) = h
Problem 9.11-4 A simple beam AB of length L and height & (see figure) is heated y
in such a manner that the temperature difference 7, — T between the bottom and top
of the beam is proportional to the distance from support A; that is, assume the A T, ih B
temperature difference varies linearly along the beam: [ T T ]
2
=T, =T
in which T is a constant having units of temperature (degrees) per unit distance. | L |
(a) Determine the maximum deflection &,,,, of the beam.
(b) Repeat for quadratic temperature variation along the beam, T, — T; = To x>
Solution 9.11-4
(@ (T, = T) =Tyx B.Cc. »(0) =0 C,=0
Y d? alyx L) =0 c o YbL2
v =—v = B.C. = = —
12 h Y ! 6h
, a]bxz osz(x3 — L*x)
v =- h +C1 V(X)ZT
aTyx’ . alyl , I?
v = oh + Cix + G V(X)—E X‘?
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SECTION 9.11 Temperature Effects 793
MAXIMUM DEFLECTION aTyx* — L’y
Set »’(x) = 0 and solve for x v = 12h
aTy L2> L aly L
0=——"[ 2 - = = — ") = — | ¥3 =
2h<x 3) T3 =\
L
Omax = —V W MAXIMUM DEFLECTION
3 Set v'(x) = 0 and solve for x
aT; KL> - in} 3
0 V3 V3 0= ﬁ) (x3 _ L7) x = L
= 6h 3h 4 V2
alyL® s — _ (L
Omax = Nh Downward «— max — —V NG
4
b) (T, — T)) = Ty x° L L
(b) (T, 1) 0X aﬂ)[<%> —LS%
y iz B a?bx2 = —
v = dx2v = 12h
Lt
alyx? _ 2% —
=0 L e S max 3% Q2V2 -1 —
3h
B aTyx e Downward
NTY) T
B.c. ¥(0) =0 C,=0
(L)y=0 C = ohL’
B.C. VI = 1= 12h
Problem 9.11-5 Beam AB, with elastic support ki at A and pin support at B, of length y
L and height & (see figure) is heated in such a manner that the temperature difference
T, — T, between the bottom and top of the beam is proportional to the distance from A T, ih B
support A; that is, assume the temperature difference varies linearly along the beam: @ Y X
) ke T, T
T, — T, = Tyx
N

in which 7 is a constant having units of temperature (degrees) per unit distance.
Assume the spring at A is unaffected by the temperature change.

(a) Determine the maximum deflection &,,,, of the beam.
(b) Repeat for quadratic temperature variation along the beam, T, — T; = To x>
(c) What is 8,,,, for (a) and (b) above if kz goes to infinity?
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794 CHAPTER 9 Deflections of Beams

Solution 9.11-5

(@ (I = T)) = Tox (b) (T, — T)) = Ty x*

2
,,:izv:a%x ,_ d* _alyx’
dx h v dxzv o
a]bxz 3
v = +C1 ’ (X’IE)X
=- + C
2h v 3 1
aTyx? 4
= alyx
v oh +Cix+ G p=—2 +Cix+ G
12h
B.c.v'(0) =0 Cc, =0 B.C. V'(0) =0 G =0
aTyl? 4
— - _ alyLl
B.Cc. (L) =0 C, 6h B.C. »(L) =0 Cr= — 0
12h
aly(x® - L3
V()C) = % V(X) — M
12h
a]bxz 3
Vi) =- o = 200X
2h Vi) =,
MAXIMUM DEFLECTION
MAXIMUM DEFLECTION
Set v'(x) =2 0 and solve for x Set »'(x) = 0 and solve for x
alyx 3
0= — x=0 alyx
0= — =0
2h 3h *
5 0 = 4B d TL*
= = = «— o
max v(0) oh ownwar Sax = —1(0) = lgh Downward —

(c) Changing kz does not change 8,,,, in both cases.
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